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Abstract. Given a partially ordered set P we study properties of topological spaces X admitting a P -base,
i.e., an indexed family (Uα)α∈P of subsets of X × X such that Uβ ⊂ Uα for all α ≤ β in P and for every
x ∈ X the family {Uα[x]}α∈P of balls Uα[x] = {y ∈ X : (x, y) ∈ Uα} is a neighborhood base at x. A P -base
(Uα)α∈P for X is called locally uniform if the family of entourages (UαU
−1
α Uα)α∈P remains a P -base for X. A
topological space is first-countable if and only if it has an ω-base. By Moore’s Metrization Theorem, a T0-space
is metrizable if and only if it has a locally uniform ω-base.
In the paper we shall study topological spaces possessing a (locally uniform) ωω-base. Our results show that
spaces with an ωω-base share some common properties with first countable spaces, in particular, many known
upper bounds on the cardinality of first-countable spaces remain true for countably tight ωω-based topological
spaces. On the other hand, topological spaces with a locally uniform ωω -base have many properties, typical
for generalized metric spaces. Also we study Tychonoff spaces whose universal (pre- or quasi-) uniformity has
an ωω-base and show that such spaces are close to being σ-compact.
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Introduction
This paper-book is devoted to studying topological spaces whose topological structure is Tukey dominated
by the poset ωω. By a poset we understand a non-empty set endowed with a partial preorder (i.e., a reflexive
transitive binary relation).
We say that a poset Q is Tukey dominated by a poset Q and write Q ≤T P if there exists a function
f : P → Q that maps every cofinal subset of P to a cofinal subset of Q. This is equivalent to saying that the
preimage f−1(B) of every bounded set B ⊂ Q is bounded in P . We recall that a subset A of a poset (P,≤) is
• cofinal in P if ∀x ∈ P ∃a ∈ A (x ≤ a);
• bounded in P if ∃x ∈ P ∀a ∈ A (a ≤ x).
We say that two posets P,Q are Tukey equivalent and denote this by P ≡T Q if P ≤T Q and Q ≤T P .
It is known [84], [32] that two posets P,Q are Tukey equivalent if and only if they are order isomorphic to
cofinal subsets of some poset Z. For lower complete posets the Tukey domination can be equivalently defined
using monotone cofinal maps (instead of maps that preserve cofinal subsets).
We say that a function f : P → Q between posets P,Q is
• monotone if for any elements x ≤ y in P we get f(x) ≤ f(y) is Q;
• cofinal if the image f(P ) is a cofinal subset of Q.
A poset P is called lower complete if each non-empty subset A ⊂ P has the greatest lower bound. In
Lemma 2.2.1 we shall observe that a (lower complete) poset Q is Tukey dominated by a poset P if (and
only if) there exists a monotone cofinal function f : P → Q. In the latter case we shall write P < Q and say
that the poset Q is P -dominated.
The study of the Tukey preorder ≤T between posets is an active area of research in Set-Theoretic Topology,
see [33], [41], [48], [59], [67], [68], [69], [77], [78], [83]. In particular, the papers [68], [77], [78] are devoted
to the classification of definable posets up to the Tukey equivalence. An important role in this classification
belongs to the posets ω and ωω. Here ω is the smallest infinite cardinal endowed with its natural well-order.
The countable power ωω of ω is endowed with the coordinatewise partial order ≤ defined by f(n) ≤ g(n) for
all n ∈ ω.
Observe that a poset P is Tukey dominated by ω if and only if P is a directed poset of countable cofinality.
A poset (P,≤) is directed if for any points x, y ∈ P there is a point z ∈ P such that x ≤ z and y ≤ z.
Many properties of a topological space depend on the cofinality properties of some posets determined by
the topological structure of the space. In particular, for each point x ∈ X of a topological space X the family
Tx(X) of all neighborhoods of x can be considered as a (directed lower complete) poset endowed with the
partial order ≤ of reverse inclusion (U ≤ V iff V ⊂ U). Observe that the poset Tx(X) is Tukey dominated by
ω if and only if X is first-countable at x (i.e., X has a countable neighborhood base at x).
Given a poset P , we shall say that a topological space X has a neighborhood P -base at a point x ∈ X if the
poset Tx(X) is Tukey dominated by P . Since the poset Tx(X) is lower complete this happens if and only if at
each point x ∈ X the space X has a neighborhood base (Uα[x])α∈P such that Uβ [x] ⊂ Uα[x] for all α ≤ β in
P (see Lemma 2.2.1). If a space X has a neighborhood P -base (Uα[x])α∈P at each point x ∈ X , then all these
neighborhood bases can be encoded by the family (Uα)α∈P of the entourages Uα = {(x, y) ∈ X×X : y ∈ Uα[x]},
α ∈ P . Such family (Uα)α∈P will be called a P -base for X , and the topological space X endowed with a P -base
(Uα)α∈P will be called a P -based topological space.
The notion of a P -base allows us to impose some relations between the balls Uα[x] for various centers
x ∈ X . In particular, a P -base (Uα)α∈P for a topological space X will be called
• quasi-uniform if ∀α ∈ P ∃β ∈ P (UβUβ ⊂ Uα);
• uniform if ∀α ∈ P ∃β ∈ P (UβU
−1
β Uβ ⊂ Uα);
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• locally quasi-uniform if ∀x ∈ X ∀α ∈ P ∃β ∈ P (UβUβ[x] ⊂ Uα[x]);
• locally uniform if ∀x ∈ X ∀α ∈ P ∃β ∈ P (UβU
−1
β Uβ[x] ⊂ Uα[x]).
For each P -base we get the following implications:
uniform +3

locally uniform

quasi-uniform +3 locally quasi-uniform.
So, a topological spaceX has a neighborhood P -base at each point if and only if it has a P -base. Topological
spaces with an ω-base are precisely first-countable spaces. The Moore Metrization Theorem [37, 5.4.2] implies
that a topological space is metrizable if and only if it is a T0-space with a locally uniform ω-base.
In this paper we shall systematically study topological spaces with a (locally [quasi-]uniform) ωω-base. In
fact, spaces with a (uniform) ωω-base are known in Functional Analysis since 2003 when Cascales, Ka¸kol, and
Saxon [26] characterized quasi-barreled locally convex spaces with an ωω-base. In the papers [38], [43], [45],
[47], [66] spaces with an ωω-base are called spaces with a G-base but we prefer to use the more self-suggesting
and flexible terminology of ωω-bases. In [27] Cascales and Orihuela proved that compact subsets of locally
convex spaces with a G-base are metrizable. This important fact was deduced from a more general theorem
on the metrizability of compact Hausdorff spaces whose uniformity has an ωω-base.
The uniformity UX of any uniform space X can (and will) be considered as a (directed lower complete)
poset endowed with the partial order ≤ of reverse inclusion (U ≤ V iff V ⊂ U). Given a poset P we shall say
that a uniform space X has a P -base if its uniformity UX is Tukey dominated by P . Since the poset UX is
lower complete this happens if and only if the uniformity UX has a base {Uα}α∈P such that Uβ ⊂ Uα for all
α ≤ β in P . Such base {Uα}α∈P will be called a P -base of the uniformity UX . Each P -base of a uniformity is
necessarily uniform, so the study of uniform spaces with a P -base reduces to studying topological spaces with
a uniform P -base, which is one of the main topics considered in this paper.
In spite of the fact that the index set P = ωω is uncountable, it carries a natural Polish topology with a
countable base indexed by the set ω<ω =
⋃
n∈ω ω
n. Namely, each finite sequence β ∈ ωn ⊂ ω<ω determines
a basic clopen set ↑β = {α ∈ ωω : α|n = β}. Given any ωω-base (Uα)α∈ωω for a topological space X we can
define a countable family (Uβ)β∈ω<ω of sets Uβ =
⋂
α∈↑β Uα. One of the most important results of this paper is
Theorem 6.4.1 saying that for every point x ∈ X the family Nx = {Uβ[x]}β∈ω<ω is a countable s
∗-network at x
(which means that for any neighborhood Ox ⊂ X of x and any sequence (xn)n∈ω accumulating at x there is a
set N ∈ Nx such that x ∈ N ⊂ Ox and N contains infinitely many points xn, n ∈ ω). Many nice properties of
topological spaces with an ωω-base can be derived from properties of the countable family (Uβ)β∈ω<ω or, more
precisely, from properties of the pair
(
{Uβ}β∈ω<ω , {Uα}α∈ωω
)
. Such pairs will be studied in the framework of
the theory of netbases developed in Chapter 5.
Now we briefly describe the structure of this paper-book. In Chapter 1 we collect some preliminary
information that will be used in the next chapters. In Chapter 2 we study the (Tukey) reductions between
posets in more details. In Section 2.4 we detect ωω-dominated cardinals and ωω-dominated powers of cardinals.
In particular, we reprove known results on the ωω-dominacy of the cardinals b, d, cof(d) and establish that the
existence of an uncountable regular cardinal κ with ωω-dominated power κκ is independent of ZFC.
In Chapter 3 we present the necessary information on preuniform spaces. In particular, we study the
canonical (quasi-)uniformity of a preuniform space, define locally (quasi-)uniform preuniformities, universal,
complete preuniformities, and also study uniformly continuous and κ-continuous maps between preuniform
spaces.
In Chapter 4 we introduce a new notion of a baseportator, which is a far generalization of the notion
of a left-topological group. A baseportator is a pair (X, (tx)x∈X) consisting of a topological space X with
a distinguished point e called the unit of X and a family (tx)x∈X of monotone cofinal maps tx : Te(X) →
Te(X) transforming neighborhoods of the unit into neighborhoods of a given point x ∈ X . Each baseportator
carries a canonical preuniformity ~TX generated by the base {~V : V ∈ Te(X)} consisting of the entourages
~V = {(x, y) ∈ X ×X : y ∈ tx(V )}. Some additional conditions on the transport structure (tx)x∈X (like the
local uniformity) will help us to convert local properties (like the first countability at e) into global properties
(like the metrizability) of the whole space. A baseportator X is called a portator if its transport function is
given by a set-valued binary operation xy : X×X ⊸ X , xy : (x, y) 7→ xy ⊂ X , such that tx(V ) =
⋃
y∈V xy for
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all x ∈ X and V ∈ Te(X). Many well-known structures of topological algebra (topological groups, topological
loops, rectifiable spaces) are natural examples of portators.
In Chapter 5 we introduce a new notion of a netbase and establish many specific properties of topological
spaces admitting countable netbases with some additional properties (like local uniformity). For a family
C of subsets of a topological space X a C∗-netbase is a pair (N ,B) consisting of a family N of entourages
on X and an entourage base B for X such that for any entourage B ∈ B and point x ∈ X the family
NB [x] := {N [x] : N ∈ N , N ⊂ B} is a C∗-network at x (which means that for any set C ∈ C accumulating
at x there is a set N ∈ NB[x] such that N ∩ C is infinite). A netbase (N ,B) is countable if the family N is
countable; (N ,B) is uniform (resp. locally uniform, locally quasi-uniform) if so is the entourage base B. The
most interesting choices for the family C are: the family cs of all convergent sequences in X , the family cs of
all countable sets with countably compact closure in X , the family s of all sequences in X , and the family p
of all subsets of X . It is clear that cs ⊂ cs ⊂ s ⊂ p. Our interest to netbases is motivated and warmed up by
Theorem 6.4.2 saying that for any ωω-base (Uα)α∈ωω for a topological spaceX the pair
(
{Uβ}β∈ω<ω , {Uα}α∈ωω
)
is an s∗-netbase for X . The most important results of Chapter 5 are:
• the first-countability of q-spaces with a countable locally uniform cs∗-netbase;
• the metrizability of first-countable closed-G¯δ T0-spaces with a countable locally uniform cs
∗-netbase;
• the metrizability of M -spaces with a countable locally uniform cs∗-netbase;
• the σ-space property of Σ-spaces with a countable locally uniform cs∗-netbase;
• the construction of a σ-discrete C∗-network in strong σ-space with a locally quasi-uniform C∗-netbase.
In the final section of Chapter 5 we apply p∗-netbases to generalize some known upper bounds on the cardinality
of a topological space X by replacing the character χ(X) of X in these bounds by the p∗-character χp∗(X) of
X (defined as the smallest cardinality |N | of a p∗-netbase (N ,B) for the space X). In particular we improve
the famous Arhangelskii’s upper bound |X | ≤ 2χ(X)·L(X) to the upper bound |X | ≤ 2χp∗(X)·L(X), where L(X)
is the Lindelo¨f number of a Hausdorff space X .
In Chapter 6 s∗-netbases are applied to establishing generalized metric properties of topological spaces
with a locally (quasi-) uniform ωω-bases. Applying the obtained results to portators we conclude that many
local topological properties of portators lift the their global topological properties. Under some additional
set-theoretic assumptions (like ω1 < b or PFA) we shall also detect certain properties of spaces with a locally
uniform ωω-base (Uα)α∈ωω , which depend on some specific set-theoretic properties of the poset ω
ω and cannot
be derived from the properties of the associated netbase ({Uβ}β∈ω<ω , {Uα}α∈ωω
)
. In Sections 6.8 – 6.10 of
Chapter 6 we study spaces with a uniform ωω-base and show that for such spaces many topological countability
conditions (like separability, cosmicity, being a Lindelo¨f Σ-space, etc.) are equivalent. The crucial role in
establishing these equivalences belongs to the spaces Cu(X) of uniformly continuous real-valued functions on
spaces with a uniform ωω-base.
In Chapter 7 we study topological spaces with a universal ωω-base, i.e., ωω-based topological spaces on
which every continuous function f : X → Y to a metric space Y is uniformly continuous. The results of
Chapter 7 show that topological spaces with a universal ωω-base are close to being σ′-compact, i.e., have
σ-compact set of non-isolated points. In Sections 7.6, 7.7, 7.8 we detect topological spaces X whose universal
preuniformity pUX , universal quasi-uniformity qUX and universal uniformity UX have an ωω-base.
In the final Chapter 8 we detect ωω-bases in σ-products of cardinals and thus find a consistent example of a
non-separable Lindelo¨f P -space whose universal uniformity has an ωω-base. Also we characterize Lasˇnev spaces
which have an ωω-base or are universally ωω-based. In particular, we construct an example of a sequential
countable ℵ0-space with a unique non-isolated point, which has no ωω-base. In Section 8.7 we detect generalized
ordered spaces with an ωω-base. In Section 8.8 we find some upper bounds on the cardinality of countably
tight spaces with an ωω-bases, which improve known upper bounds on the cardinality of first-countable spaces.
The results of this paper-book have been applied in the paper [12] devoted to detecting free (locally convex)
topological vector spaces and free topological (aeolian) groups possessing an ωω-base.
Acknowledgement. The author expresses his sincere thanks to Arkady Leiderman for stimulating discussions
related to ωω-based uniform and topological spaces, to Lyubomyr Zdomskyy for the help with set-theoretic
questions and improvement of the proof and statement of Theorem 8.1.1, to Zolta´n Vidnya´nszky who suggested
to the author the proof of Lemma 7.7.6, and to Paul Szeptycki who suggested Example 8.8.5 thus resolving a
problem posed in the initial version of the manuscript.
CHAPTER 1
Preliminaries
In this section we collect notations that will be used throughout the paper. Also we remind some definitions
and prove some auxiliary results that will be used in subsequent sections.
Cardinals are identified with the smallest ordinals of a given cardinality. For a set X by P(X) we denote
the power-set of X , i.e., the family of all subsets of X .
For a function f : X → Y and a set A we put f [A] = {f(x) : x ∈ X∩A} and f−1[A] = {x ∈ X : f(x) ∈ A}.
1.1. Separation properties of topological spaces
For a subset A of a topological space X its closure and interior in X will be denoted by A¯ and A◦,
respectively. So, A
◦
is the interior of the closure of A in X .
A topological space X is called
• a T0-space if for any distinct points x, y ∈ X there exists an open set U ⊂ X such that U ∩ {x, y} is
a singleton;
• T1 at a point x ∈ X if the singleton {x} is closed in X ;
• R0 at a point x ∈ X if each neighborhood Ox ⊂ X contains the closure {x} of the singleton {x};
• Hausdorff at a point x ∈ X if for each y ∈ X \ {x} there exists a neighborhood Ox of x such that
Ox ⊂ X \ {x};
• semi-Hausdorff at a point x ∈ X if for each y ∈ X \ {x} there exists a neighborhood Ox of x such
that O
◦
x ⊂ X \ {x};
• functionally Hausdorff at a point x ∈ X if for any point y ∈ X \{x} there exists a continuous function
f : X → [0, 1] such that f(x) = 0 and f(y) = 1;
• Urysohn at a point x ∈ X if for each y ∈ X\{x} there exist a neighborhoodOx of x and a neighborhood
Oy of y such that O¯x ∩ O¯y = ∅;
• regular at a point x ∈ X if for each neighborhood Ox of x there exists a neighborhood Ux of x such
that Ux ⊂ Ox;
• semi-regular at a point x ∈ X if for each neighborhood Ox of x there exists a neighborhood Ux of x
such that U
◦
x ⊂ Ox;
• completely regular at a point x ∈ X if for each neighborhood Ox of x there exists a continuous function
f : X → [0, 1] such that f(x) = 0 and f [X \Ox] ⊂ {1};
• Tychonoff at a point x ∈ X if X is completely regular and T1 at the point x
• a T1-space (resp. R0-space, Hausdorff, semi-Hausdorff, functionally Hausdorff, Urysohn, regular, semi-
regular, completely regular, Tychonoff ) if X is T1 (resp. R0, Hausdorff, semi-Hausdorff, functionally
Hausdorff, Urysohn, regular, semi-regular, completely regular, Tychonoff) at each point x ∈ X .
For a pseudometric d on a set X by Bd(x; ε) we shall denote the open ε-ball {y ∈ X : d(y, x) < ε} centered
at a point x ∈ X .
We shall say that a subset A of a topological space X accumulates at a point x ∈ X if each neighborhood
of x contains infinitely many points of the set A. A sequence (xn)n∈ω of points in a topological space X
accumulates at a point x ∈ X if each neighborhood of x contains infinitely many points xn, n ∈ ω.
A subset A of a topological space X will be called
• a convergent sequence if A is infinite and can be written as A = {xn}n∈ω for some convergent sequence
(xn)n∈ω in X ;
• sequentially compact in X if each infinite subset of A contains a convergent sequence;
• countably compact in X if each infinite subset I ⊂ A accumulates at some point of X .
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For a topological space X by C(X) we denote the linear space of all continuous real-valued functions on
X . Endowed with the topology of pointwise convergence (inherited from the Tychonoff product RX of the real
lines) the linear topological space C(X) is denoted by Cp(X).
For a cover U of a space X , a point x ∈ X and a set A ⊂ X we put St(x;U) =
⋃
{U ∈ U : x ∈ U} be the
U-star of x and St(A;U) =
⋃
x∈A St(x;U) be the U-star of the subset A in X . We say that a family of sets
V refines (resp. star-refines) a family of sets U if for every V ∈ V there exists U ∈ U such that V ⊂ U (resp.
St(V ;V) ⊂ U).
A subset B of a topological space X is called
• functionally bounded in X if for every continuous function f : X → R the set f [B] is bounded in the
real line R;
• ω-narrow in X if for every continuous map f : X → M to a metric space M the image f [B] is
separable.
A family F of subsets of a topological space X is called
• discrete in X if each point x ∈ X has a neighborhood Ox ⊂ X that meets at most one set F ∈ F .
• strongly discrete in X if each set F ∈ F has an open neighborhood UF ⊂ X such that the family
(UF )F∈F is discrete in X ;
• (strongly) σ-discrete if F can be written as the countable union F =
⋃
i∈ω Fi of (strongly) discrete
families.
A subset D of a topological space X is called strongly discrete if the family of singletons ({x})x∈X is
strongly discrete in X .
A subset F of a topological space X is called a G¯δ-set if F =
⋂
n∈ωWn =
⋂
n∈ωWn for some sequence
(Wn)n∈ω of open sets in X . It is easy to see that a subset F of a (perfectly normal) space is a G¯δ-set (if and)
only if F a closed Gδ-set.
Lemma 1.1.1. A countable G¯δ-subset D of a regular topological space X is discrete if and only if it is
strongly discrete.
Proof. Assume that the countable G¯δ-set D is discrete. If D is finite, then D is strongly discrete in X
by the regularity of X . So, assume that D is infinite and let D = {xn}n∈ω be an enumeration of D such
that xn 6= xm for any numbers n 6= m. Write the set D as the intersection D =
⋂
n∈ωWn =
⋂
n∈ωWn of a
decreasing sequence (Wn)n∈ω of open sets in X . Put U−1∩V−1 =W0 and construct inductively two sequences
of open sets (Un)n∈ω and (Vn)n∈ω in X such that for every n ∈ ω the following conditions are satisfied:
(1) xn ∈ Un ⊂ Vn−1;
(2) {xk}k>n ⊂ Vn ⊂ Vn−1 ∩Wn;
(3) Un ∩ V n = ∅.
It can be shown that the family of open sets (Un)n∈ω is discrete in X and witnesses that the set D = {xn}n∈ω
is strongly discrete in X . 
A topological space is called
• collectionwise normal if each discrete family of closed sets in X is strongly discrete;
• collectionwise Urysohn if each closed discrete subset of X is strongly discrete;
• κ-Urysohn for a cardinal κ if each closed discrete subset of cardinality κ in X contains a strongly
discrete subset of cardinality κ in X .
It is well-known that each discrete family in a paracompact space is strongly discrete, which implies that for
any T1-space X and any cardinal κ we have the implications:
paracompact +3 collectionwisenormal
+3 collectionwise
Urysohn
+3 κ-Urysohn +3 2-Urysohn ks +3 Urysohn.
A regular T0-space X is called
• a Lasˇnev space if X is the image of a metrizable space under a closed continuous map;
• a Moore space if X admits a sequence (Un)n∈ω of open covers such that for every point x ∈ X the
family {St(x,Un)}n∈ω is a neighborhood base at x;
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• a w∆-space if X admits a sequence (Un)n∈ω of open covers such that for every point x ∈ X , any
sequence (xn)n∈ω ∈
∏
n∈ω St(x;Un) has an accumulation point in X ;
• an M -space if X admits a sequence (Un)n∈ω of open covers such that each Un+1 star-refines Un and
for every point x ∈ X any sequence (xn)n∈ω ∈
∏
n∈ω St(x;Un) has an accumulation point in X ;
• a space with a Gδ-diagonal if the diagonal ∆X = {(x, y) ∈ X ×X : x = y} is a Gδ-set in X ×X ;
• submetrizable if X admits a continuous injective map to a metrizable space;
• σ-metrizable if X admits a countable cover by closed metrizable subspaces;
• closed-G¯δ if each closed subset of X is a G¯δ-set in X .
It is clear that each M -space is a w∆-space and each submetrizable space has a Gδ-diagonal. By [50, 3.8] a
topological space X is metrizable if and only if it is an M -space with a Gδ-diagonal.
Lemma 1.1.1 implies the following fact.
Proposition 1.1.2. Each regular closed-G¯δ space is ω-Urysohn.
A subset A of a topological space X is called ω-Urysohn if each infinite closed discrete subset D ⊂ A of X
contains an infinite strongly discrete set S ⊂ D in X .
Lemma 1.1.3. Each hereditarily Lindelo¨f G¯δ-subset B of a regular space X is ω-Urysohn.
Proof. Given an infinite countable closed discrete subset D ⊂ B we shall prove that D is strongly discrete
in X . By Lemma 1.1.1, it suffices to show that D is G¯δ-set in X . Since B is a G¯δ-set in X , there exists a
countable family W of open sets in X such that B =
⋂
W =
⋂
W∈WW . By the regularity of the space X ,
for every x ∈ B \D there exists an open neighborhood Ux ⊂ X whose closure Ux is disjoint with the closed
set D. Since the space B is hereditarily Lindelo¨f, the open cover {Ux : x ∈ B \ D} of the Lindelo¨f space
B \ D contains a countable subcover {Ux : x ∈ C} (here C is a suitable countable subset of B \ D). Then
U =W ∪ {X \ Ux : x ∈ C} is a countable family of open sets in X such that D =
⋂
U =
⋂
U∈U U , witnessing
that D is a G¯δ-set in X . By Lemma 1.1.1, the set D is strongly discrete in X and the set B is ω-Urysohn. 
A topological space X is called a P -space if each point x ∈ X is a P -point in X ; a point x ∈ X is called a
P -point if for any neighborhoods Un, n ∈ ω, of x in X the intersection
⋂
n∈ω Un is a neighborhood of x in X .
For a topological space X by X ′ we denote the set of non-isolated points in X and by X ′P the set of points,
which are not P -points in X . It is clear that X ′P ⊂ X ′ and the set X ′ is closed in X .
Lemma 1.1.4. If for a regular space X the subspace X ′P is Lindelo¨f, then each closed Gδ-set F in X is a
G¯δ-set in X.
Proof. Let W be a countable family of open sets in X such that X ∈ W and
⋂
W = F . For every point
z ∈ X ′P \ F use the regularity of X to choose an open neighborhood Oz ⊂ X of z such that Oz ∩ F = ∅. The
complement X ′P \ F , being an Fσ-subset of the Lindelo¨f space X ′P , is Lindelo¨f. Consequently, we can find a
countable set Z ⊂ X ′P \ F such that X ′P \ F ⊂
⋃
z∈Z Oz . Let {Vn}n∈ω be an enumeration of the countable
family V =W ∪ {W \Oz : W ∈ W , z ∈ Z} of open sets in X .
For every n ∈ ω, use the Lindelo¨f property of the closed subset F ∩ X ′P of the Lindelo¨f space X ′P and
find a countable cover Un of F by open subsets U ⊂ X such that U ⊂ Vn. Consider the open neighborhood
Un =
⋃
Un ⊂ Vn of the set F . We claim that
⋂
n∈ω Un = F . Given any point x ∈ X \F , we should find n ∈ ω
such that x /∈ Un.
If x ∈ X ′P then we can find a point z ∈ Z with x ∈ Oz and then find n ∈ ω such that Vn = X \ Oz. In
this case Un ⊂ V n ⊂ X \Oz = X \Oz ⊂ X \ {x} and hence x /∈ Un. If x /∈ X ′P , then find W ∈ W such that
x /∈W and choose a number n ∈ ω such that Vn =W . Since x is a P -point in X , the set Ox =
⋂
U∈Un
(X \U)
is a neighborhood of x, disjoint with the set Un =
⋃
Un, which implies that x /∈ Un. 
We shall need the following (probably) known folklore result.
Lemma 1.1.5. A regular topological space X with Lindelo¨f set X ′ of non-isolated points is paracompact.
Proof. Given an open cover U of X , for every x ∈ X ′ find a set Ux ⊂ U containing x and using the
regularity of X , choose an open neighborhood Vx ⊂ X of x such that V¯x ⊂ Ux. By the Lindelo¨f property,
the cover {Vx : x ∈ X ′} of X ′ has a countable subcover {Vxn}n∈ω. It follows that V =
⋃
n∈ω Vxn is an open
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neighborhood of X ′ in X and the family {Wn}n∈ω of the open sets Wn = V ∩Uxn \
⋃
k<n V¯xk is a locally finite
countable cover of V . Then W = {Wn}n∈ω ∪
{
{x} : x ∈ X \V } is a locally finite open cover of X , refining the
cover U . 
1.2. Some local and network properties of topological spaces
A topological space X is defined to be
• first-countable at a point x ∈ X if X has a countable neighborhood base at x;
• a q-space at a point x ∈ X if there exists a sequence (Un)n∈ω of neighborhoods of x such every
sequence (xn)n∈ω ∈
∏
n∈ω Un accumulates at some point x
′ ∈ X ;
• Fre´chet-Urysohn at a point x ∈ X if for each set A ⊂ X with x ∈ A¯ there is a sequence (an)n∈ω ∈ Aω
converging to x;
• sequential if for each non-closed set A ⊂ X there exists a sequence {an}n∈ω ⊂ A, convergent to some
point x ∈ X \A;
• strong Fre´chet at a point x ∈ X if for any decreasing sequence (An)n∈ω of subsets of X with x ∈⋂
n∈ω A¯n there exists a sequence (xn)n∈ω ∈
∏
n∈ω An that converges to x;
• countably tight at a point x ∈ X if each subset A ⊂ X with x ∈ A¯ contains a countable subset B ⊂ A
such that x ∈ B¯;
• countably fan tight at a point x ∈ X if for any decreasing sequence (An)n∈ω of subsets of X with
x ∈
⋂
n∈ω A¯n there exists a sequence (Fn)n∈ω of finite subsets Fn ⊂ An, n ∈ ω, such that each
neighborhood of x intersects infinitely many sets Fn, n ∈ ω;
• first-countable (resp. Fre´chet-Urysohn, strong Fre´chet, countably tight, countably fan-tight, a q-space)
if X is first-countable (resp. Fre´chet-Urysohn, strong Fre´chet, countably tight, countably fan-tight, a
q-space) at each point x ∈ X .
Strong Fre´chet spaces and countably fan-tight spaces are partial cases of fan C-tight spaces defined as
follows.
Definition 1.2.1. Let X be a topological space and C be a family of subsets of X . The space X is defined
to be
• fan C-tight (resp. ofan C-tight) at a point x ∈ X if for any decreasing sequence (An)n∈ω of (open)
subsets of X with x ∈
⋂
n∈ω A¯n there exists a set C ∈ C accumulating at x such that C \An is finite
for all n ∈ ω;
• (o)fan C-tight if X is (o)fan C-tight at each point x ∈ X .
Observe that a topological space X is strong Fre´chet if and only if X is fan cs-tight for the family cs of
convergent sequences in X . A topological space X is countably fan-tight if and only if it is fan s-tight for the
family s of all countable subsets of X . Ofan s-tight spaces were introduced by Sakai [76] as spaces with the
property (#). In [8] such spaces were called countably fan open-tight.
For a topological space X and a family C of subsets of X with cs ⊂ C ⊂ s, we get the following implications
between local properties of X .
ofan cs-tight +3 ofan C-tight +3 ofan s-tight
fan cs-tight +3
KS
fan C-tight +3
KS
fan s-tight
KS
strong Fre´chet +3

KS
Fre´chet-Urysohn

countably fan-tight

KS

q-space first-countable
KS
+3ks sequential +3 countably tight
In some sense, the fan C-tightness is an “orthogonal” notion to that of a C∗-network.
Definition 1.2.2. Let C be a family of subsets of a topological space X . A family N of subsets of X is
called
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• a network if for any open set U ⊂ X and point x ∈ U there exists a set N ∈ N with x ∈ N ⊂ U ;
• a k-network if for any open set U ⊂ X and compact subset K ⊂ U there exists a finite subfamily
F ⊂ N with K ⊂
⋃
F ⊂ U ;
• a C-network if for any set C ∈ C and any open neighborhood U ⊂ X of C there is a set N ∈ N such
that C ⊂ N ⊂ U ;
• a C∗-network at a point x ∈ X if for any neighborhood Ox ⊂ X of x and any set C ∈ C accumulating
at x, there exists a set N ∈ N such that x ∈ N ⊂ Ox and N ∩ C is infinite;
• a C∗-network for X if N is a network and a C∗-network at each point x ∈ X .
The precise meaning of “orthogonality” of (o)fan C-tightness and C∗-networks is described in the following
theorem. For some concrete families C this theorem has been proved in [76, 3.2], [11, 1.6], [8, 1.12].
Theorem 1.2.3. Let X be a (semi-regular) topological space and C ⊃ cs be a family of subsets of X,
containing all convergent sequences in X.
(1) X is first-countable at a point x ∈ X if and only if X is fan C-tight at x and X has a countable
C∗-network at x (if and) only if X is ofan C-tight at x and X has a countable C∗-network at x.
(2) X is first-countable if and only if X is fan C-tight and has a countable C∗-network at each point (if
and) only if X is ofan C-tight and has a countable C∗-network at each point.
(3) X is second-countable if and only if X is fan C-tight and has a countable C∗-network (if and) only if
X is ofan C-tight and has a countable C∗-network.
Proof. The “only if” parts of all statements is trivial. It remains to prove the “if” parts.
1. Let N be a countable C∗-network at x. We lose no generality assuming that the family N is closed under
finite unions. For every set N ∈ N denote by N◦ the interior of N in X and let N ◦ = {N◦ : N ∈ N , x ∈ N◦}.
We claim that N ◦ is a neighborhood base at x if X is fan C-tight at x. Given a neighborhood Ox ⊂ X
of x, we should find a set N ∈ N such that x ∈ N◦ ⊂ Ox. Since the family N ′ = {N ∈ N : N ⊂ Ox} is
countable and closed under finite unions, we can choose an increasing sequence of sets {Nk}k∈ω ⊂ N ′ such
that each set N ∈ N ′ is contained in some set Nk, k ∈ ω. We claim that x ∈ N◦k for some k ∈ ω. To derive a
contradiction, assume that x /∈ N◦k for all k ∈ ω. In this case (X \Nk)k∈ω is a decreasing sequence of sets with
x ∈
⋂
n∈ωX \Nk. By the fan C-tightness of X at x, there exists a set C ∈ C accumulating at x and such that
for every k ∈ ω the set Fk = C \ (X \Nk) = C ∩Nk is finite. The C∗-network N contains a set N ⊂ Ox such
that N ∩C is infinite. It follows that N ∈ N ′ and hence N ⊂ Nk for some k ∈ ω. Then C ∩N ⊂ C ∩Nk = Fk
is finite, which contradicts the choice of the set N . This contradiction shows that the countable family N ◦ is
a neighborhood base at x and hence X is first-countable at x.
Now assume that the space X is semi-regular at x and X is ofan C-tight at x. For every N ∈ N let N
◦
be the interior of the closure of the set N in X . We claim that the family N
◦
= {N
◦
: N ∈ N , x ∈ N
◦
} is a
neighborhood base at x.
Given a neighborhood Ox ⊂ X of x, we should find a set N ∈ N such that x ∈ N
◦
⊂ Ox. By the semi-
regularity of X at x, the point x has a neighborhood Ux such that U
◦
x ⊂ Ox. Since the family N
′ = {N ∈ N :
N ⊂ Ux} is countable and closed under finite unions, there exists an increasing sequence of sets {Nk}k∈ω ⊂ N ′
such that each set N ∈ N ′ is contained in some set Nk. We claim that x ∈ N
◦
k for some k ∈ ω. In the opposite
case x ∈
⋂
k∈ωX \Nk and by the ofan C-tightness of X at x, there exists a set C ∈ C accumulating at x and
such that for every k ∈ ω the set Fk = C \ (X \Nk) = C ∩Nk is finite. The family N , being a C∗-network at
x, contains a set N ∈ N such that N ⊂ Ux and N ∩ C is infinite. Since N ∈ N ′, there exists a number k ∈ ω
such that N ⊂ Nk. Then the set C ∩N ⊂ C ∩Nk = Fk is finite, which is a desired contradiction showing that
for some k ∈ ω we get the required inclusions: x ∈ N
◦
k ⊂ U
◦
x ⊂ Ox.
2. The second statement of the theorem follows immediately from the first one.
3. Assume thatN is a countable C∗-network forX and consider the countable familiesN ◦ = {N◦ : N ∈ N}
and N
◦
= {N
◦
: N ∈ N}. If the space X is fan C-tight (resp. ofan C-tight and semi-regular), then by the first
statement, for every point x ∈ X the subfamily N ◦x = {N
◦ ∈ N ◦ : x ∈ N◦} (resp. N
◦
x = {N
◦
∈ N
◦
: x ∈ N
◦
})
is a neighborhood base at x, which implies that N ◦ (resp. N
◦
) is a countable base for X . 
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In each topological space X for the role of the family C in Definitions 1.2.1, 1.2.2 we shall consider four
families:
• the family p of all subsets of X (i.e., p is the power-set of X);
• the family s of all countable subsets of X (i.e., s is the family of all “sequences” in X);
• the family cs of all convergent sequences in X and
• the family cs of countable subsets with countably compact closure in X .
For each Hausdorff space the obvious inclusions cs ⊂ cs ⊂ s ⊂ p yield the implications:
p∗-network ⇒ s∗-network ⇒ cs∗-network ⇒ cs∗-network ⇒ network.
Regular T0-spaces with countable or σ-discrete C∗-networks for various families C have special names.
A regular T0-space X is called
• cosmic if X has a countable network;
• a σ-space if X has a σ-discrete network;
• a strong σ-space if X has a strongly σ-discrete network;
• a Σ-space if X has a σ-discrete C-network for some cover C of X by closed countably compact
subspaces;
• an ℵ0-space if X has a countable cs∗-network (equivalently, X has a countable k-network [40]);
• an ℵ-space if X has a σ-discrete cs∗-network (equivalently, X has a σ-discrete k-network [40]);
• a P0-space if X has a countable p∗-network (equivalently, X has a countable s∗-network [9]);
• a P-space if X has a σ-discrete p∗-network;
• a P∗-space if X has a σ-discrete s∗-network;
• a space with the strong Pytkeev property (resp. the strong Pytkeev∗ property) if X has a countable
p∗-network (resp. a countable s∗-network) at each point x ∈ X .
For every topological space these properties relate as follows.
metrizable
separable
+3

P0-space +3

ℵ0-space +3

cosmic space

+3 Lindelo¨f
σ-space

metrizable +3

paracompact
P-space
+3

paracompact
ℵ-space
+3

paracompact
σ-space

+3 paracompact
Σ-space
Fre´chet-Urysohn
ℵ-space
+3

P-space +3 ℵ-space +3 σ-space +3 Σ-space
Lasˇnev

countably tight
P∗-space

KS

+3 has the strong
Pytkeeev property

Moore
space
"*▼
▼▼
▼▼
▼
▼▼
▼▼
▼
▼▼
▼▼
▼▼
▼▼
▼
▼▼
▼▼
▼
▼
M -space

KS
Fre´chet-Urysohn P∗-space +3
has the strong
Pytkeeev∗ property q-space w∆-space
ks
More information on these and other classes of generalized metric spaces can be found in [8], [9], [44], [50].
The classes of P -spaces and Σ-spaces are orthogonal in the following sense.
Lemma 1.2.4. A topological space X is discrete if and only if X is both a Σ-space and a P -space.
Proof. The “only if” part is trivial. To prove the “if” part, assume that a P -space X is a Σ-space. Then
X has a σ-discrete C-network N for some cover C of X by closed countably compact sets. Since X is P -space,
each (closed countably compact) set C ∈ C is finite. We claim that C ⊂ N . Given a (finite) set C ∈ C consider
the countable family N (C) = {N ∈ N : C ⊂ N}. In each set N ∈ N (C) \ {C} fix a point xN ∈ N \ C. Since
X is a P -space, the set UC = X \ {xN : N ∈ N (C) \ {C}} is an open neighborhood of C in X . Since N is a
14 1. PRELIMINARIES
C-network, there exists a set N ∈ N such that C ⊂ N ⊂ UC . It follows that N ∈ N (C) \ (N (C) \ {C}) ⊂ {C}
and hence C = N ∈ N . Since the family N is σ-discrete, so is its subfamily C. Since each set C ∈ C is finite,
the space X is σ-discrete. Being a P -space, the σ-discrete space X is discrete. 
1.3. Some countable global properties of topological spaces
A subset S of a topological space X is called weakly separated if each point x ∈ S has a neighborhood
Ox ⊂ X such that for any distinct points x, y ∈ S either x /∈ Oy or y /∈ Ox.
We shall say that a topological space X
• is weakly cosmic if each weakly separated subspace of X is at most countable;
• is Lindelo¨f if each open cover of X has a countable subcover;
• is hereditarily Lindelo¨f if each subspace of X is Lindelo¨f;
• is separable if X contains a countable dense subset;
• is hereditarily separable if each subspaces of X is separable;
• has countable spread if each discrete subspace of X is countable;
• has countable extent if each closed discrete subspace of X is countable;
• has countable cellularity if each disjoint family of non-empty open subsets is countable;
• has countable discrete cellularity if each discrete family of non-empty open subsets is countable.
By [80], each cosmic space is weakly cosmic and each weakly cosmic space is hereditarily separable and
hereditarily Lindelo¨f. The following theorem proved by Todorcˇevic´ [82, p.30] characterizes cosmic spaces under
PFA, the Proper Forcing Axiom. It is known that PFA is consistent with ZFC and has many nice implications
(beyond of Set Theory), see [20] or [72].
Theorem 1.3.1 (Todorcˇevic´). Under PFA a regular T0-space X is cosmic if and only if all finite powers
of X are weakly cosmic.
The following diagram describes the relations between some global properties of Hausdorff topological
spaces.
hereditarily separable +3
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1.4. The topology of the space ωω
On the set ωω we consider the topology of the Tychonoff product of countably many discrete spaces. This
topology on ωω has a canonical base {↑β}β∈ω<ω indexed by the family ω
<ω =
⋃
n∈ω ω
n of all finite sequences
of finite ordinals. Observe that for every function α ∈ ωω and every n ∈ ω the restriction α|n belongs to
ωn ⊂ ω<ω.
For any sequence β ∈ ω<ω we put ↑β = {α ∈ ωω : ∃n ∈ ω (α|n = β)} ⊂ ωω. It follows that for
every α ∈ ωω the family {↑(α|n)}n∈ω is a decreasing neighborhood base at α in the space ωω. Consequently,
{↑β}β∈ω<ω is a base of the topology of the space ω
ω.
1.5. Analytic and K-analytic spaces
A topological space X is called analytic if X is a continuous image of a Polish space. If X is non-empty,
then this is equivalent to saying that X is a continuous image of the Polish space ωω.
A topological space X is called K-analytic if X =
⋃
α∈ωω Kα for a family (Kα)α∈ωω of compact subsets of
X , which is upper semicontinuous in the sense that for every open set U ⊂ X the set {α ∈ ωω : Kα ⊂ U} is
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open in ωω. If each compact set Kα is a singleton {f(α)}, then the upper semicontinuity of the family (Kα)α∈ω
is equivalent to the continuity of the map f : ωω → X , meaning that the space X is analytic.
A (compact) resolution of a topological space X is a family (Kα)α∈ωω of (compact) subsets of X such that
X =
⋃
α∈ωω Kα and Kα ⊂ Kβ for every α ≤ β in ω
ω. By Proposition 3.10(i) [62], each K-analytic space
admits a compact resolution. The converse is true for Dieudonne´ complete spaces, see [62, Proposition 3.13].
Since each submetrizable space is Dieudonne´ complete [7, 6.10.8], we have the following equivalence, which will
be used in the proof of Theorems 6.4.1, 6.10.1, 7.5.1, 7.7.9.
Lemma 1.5.1. For a submetrizable space X the following conditions are equivalent:
(1) X is analytic;
(2) X is K-analytic;
(3) X has a compact resolution.
More information on compact resolutions can be found in the monograph [62].
1.6. Analytic and meager filters
A filter on a set X is any family F of non-empty subsets of X , which is closed under finite intersections
and taking supersets in X . Each filter on X is a subset of the power-set P(X). Identifying each subset of X
with its characteristic function, we can identify the power-set P(X) with the Cantor cube {0, 1}X and thus
endow P(X) with a compact Hausdorff topology. This topology is metrizable if the set X is countable. This
allows us to talk about topological properties of filters. We shall need the following famous characterization of
meager filters due to Talagrand [79].
Lemma 1.6.1 (Talagrand). A filter F on a countable set X is a meager subset of the power-set P(X) if
and only if there exists a finite-to-one map ϕ : X → ω such that for every set F ∈ F the image ϕ[F ] has finite
complement in ω.
A function ϕ : X → Y between two sets is called finite-to-one if for each point y ∈ Y the preimage ϕ−1(y)
is finite and not empty.
In the proof of Theorem 6.4.1 we shall also use the following known fact that can be derived from Lusin-
Sierpin´ski Theorem [63, 21.6] (saying that analytic subsets of Polish spaces have the Baire property).
Lemma 1.6.2. Each analytic free filter on a countable set is meager.
CHAPTER 2
Posets and their (Tukey) reducibility
In this chapter we recall the necessary information on the (Tukey) reducibility of posets and also detect
cardinals and powers of cardinals, which are Tukey dominated by ωω.
2.1. Examples of posets
By a poset we understand a non-empty set endowed with a partial preorder (i.e., a reflexive transitive
binary relation). A poset P is directed if for any x, y ∈ P there exists z ∈ P such that x ≤ z and y ≤ z. Now
we consider some standard examples of directed posets (which will appear in this paper).
Example 2.1.1. Each cardinal κ will be considered as a poset endowed with the canonical well-order
(x ≤ y iff x ∈ y or x = y).
Example 2.1.2. For any poset P and set X the power PX is a poset endowed with the partial preorder
≤ defined by f ≤ g iff f(x) ≤ g(x) for all x ∈ X . If the set X is infinite, then the set PX carries also the
preorder ≤∗ defined by f ≤∗ g iff |{x ∈ X : f(x) 6≤ g(x)}| < |X |.
Example 2.1.3. For any set X the set RX of all functions from X to R is a poset endowed with the partial
order ≤ defined by f ≤ g iff f(x) ≤ g(x) for all x ∈ X .
If X is a topological space, then the poset RX contains the space C(X) of all continuous real-valued
functions on X . Endowed with the topology inherited from the Tychonoff product RX of the real lines, the
space C(X) is usually denoted by Cp(X).
If X is a uniform space, then the poset RX contains the space Cu(X) of all uniformly continuous real-valued
functions on X . In this case Cu(X) ⊂ Cp(X) = C(X) ⊂ RX .
Example 2.1.4. Any filter F on a set X will be considered as a poset endowed with the partial order of
reverse inclusion (F ≤ E iff E ⊂ F ).
The following two examples are partial cases of Example 2.1.4.
Example 2.1.5. For each uniform space X its uniformity UX will be considered as a poset endowed with
the partial order of reverse inclusion (U ≤ V iff V ⊂ U).
Example 2.1.6. For any point x ∈ X of a topological space X the family Tx(X) of all neighborhoods of
x is a poset, endowed with the partial order of reverse inclusion (U ≤ V iff V ⊂ U).
A subset A of a poset P is called
• cofinal in P if for each x ∈ P there exists a ∈ A such that x ≤ a;
• bounded in P if there exists x ∈ P such that a ≤ x for all a ∈ A.
We shall say that a subset A of a poset P dominates a subset B ⊂ P if for each b ∈ B there is a ∈ A with
b ≤ a. Observe that a subset B ⊂ P is bounded in P iff it is dominated by a singleton in P . A subset C ⊂ P
is cofinal iff C dominates P .
2.2. The Tukey reducibility of posets
A function f : P → Q between two posets is called
• monotone if f(p) ≤ f(p′) for all p ≤ p′ in P ;
• cofinal if for each q ∈ Q there exists p ∈ P such that q ≤ f(p).
16
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Given two partially ordered sets P,Q we shall write P < Q or Q 4 P and say that Q reduces to P if there
exists a monotone cofinal map f : P → Q. In this case we shall also say that the poset Q is P -dominated.
Also we write P ∼= Q if P 4 Q and P < Q. It is clear that the relation of reducibility is transitive, i.e., for any
posets P,Q,R the relations P < Q < R imply P < R.
This notion of reducibility of posets is a bit stronger than the Tukey reducibility introduced by Tukey [84]
and studied e.g. in [33], [41], [42], [48], [69], [77], [78], [83]. Given two posets P,Q we say that Q is Tukey
reducible to P (and denote this by Q ≤T P ) if there exists a map f : P → Q such that for every cofinal subset
C ⊂ P its image f(C) is cofinal in Q. It is known (see [83, Proposition 1]) that a poset Q is Tukey reducible
to a poset P if and only if there exists a function f : Q→ P that maps unbounded subsets of Q to unbounded
subsets of P .
By [48], for posets P,Q the Tukey relation Q ≤T P is equivalent to P < Q if each bounded set in Q has a
least upper bound. This result can be compared with the following lemma.
Lemma 2.2.1. Let P,Q be two posets. If Q 4 P , then Q ≤T P . If each non-empty subset A ⊂ Q has a
greatest lower bound in Q, then Q ≤T P is equivalent to Q 4 P .
Proof. Assuming that Q 4 P , fix a monotone cofinal map f : P → Q. We claim that for every cofinal
subset C ⊂ P the image f [C] is cofinal in Q. Indeed, for every y ∈ Q the cofinality of f yields an element
x ∈ P with y ≤ f(x). The cofinality of C yields a point c ∈ C with c ≥ x. Then f(c) ≥ f(x) ≥ y, which means
that the set f [C] is cofinal in Q. Therefore, Q ≤T P .
Now assume that each subset A ⊂ Q has a greatest lower bound in Q. Assuming that Q ≤T P , we could
find a map f : P → Q that sends cofinal subsets of P to cofinal subsets of Q. For every point x ∈ P consider
the upper set ↑x = {p ∈ P : x ≤ p} and let fˇ(x) be a greatest lower bound of the set f [↑x] in the poset Q. It
is clear that the map fˇ : P → Q is monotone. To see that fˇ is cofinal, take any element y ∈ Q and consider
the preimage f−1[↑y]. We claim that ↑x ⊂ f−1[↑y] for some x ∈ P . In the opposite case, for every x ∈ P we
can choose a point g(x) ∈ ↑x \ f−1[↑y]. It is clear that the set B = {g(x) : x ∈ P} is cofinal in P . Then its
image f [B] is cofinal in Q and hence f [B] ∩ ↑y 6= ∅, which contradicts the choice of the points g(x) /∈ f−1[↑y],
x ∈ P . This contradiction shows that ↑x ⊂ f−1[↑y] and hence y ≤ fˇ(x). 
Lemma 2.2.1 implies that for any filter F and poset P the reducibility F 4 P is equivalent to the Tukey
reducibility F ≤T P . In particular, we get the following two characterizations.
Lemma 2.2.2. Let P be a poset.
(1) The uniformity UX of a uniform space X has a P -base iff P < UX iff UX ≤T P .
(2) A topological space X has a neighborhood P -base at a point x ∈ X iff P < Tx(X) iff Tx(X) ≤T P .
For a topological space X by K(X) we denote the poset of all compact subsets of X , endowed with the
inclusion order (A ≤ B iff A ⊂ B). The following fundamental reducibility result was proved by Christensen
[29] (see also [62, 6.1]). This theorem will be essentially used in the proofs of Theorems 7.1.1, 7.3.3, 8.2.1.
Theorem 2.2.3 (Christensen). A metrizable space X is Polish if and only if ωω < K(X) if and only if
K(X) ≤T ωω.
2.3. The cofinality and the additivity of a poset
The cofinality cof(P ) of a poset P is the smallest cardinality of a cofinal subset D ⊂ P .
The additivity add(P ) of an unbounded poset P is defined as the smallest cardinality of an unbounded
subset of P . For a bounded poset P it will be convenient to put add(P ) = 1.
The proof of the following well-known fact can be found in [42, 513C].
Lemma 2.3.1. For any unbounded poset P the cardinal add(P ) is regular and add(P ) ≤ cof(cof(P )) ≤
cof(P ).
By [42, 513E], for two posets P,Q the Tukey reducibility P ≤T Q implies cof(P ) ≤ cof(Q) and add(Q) ≤
add(P ).
Proposition 2.3.2. For each poset P we have the reductions P < cof(P ) ∼= cof(cof(P )) and P < add(P ).
Moreover, if add(P ) = cof(P ), then P ∼= add(P ) = cof(P ).
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Proof. By the definition of the cardinal cof(P ), the poset P contains a dominating set {yα}α∈cof(P ).
The monotone cofinal map P → cof(P ), x 7→ min{α ∈ cof(P ) : x ≤ yα}, witnesses that P < cof(P ).
In particular, cof(P ) < cof(cof(P )). By definition, for every non-zero cardinal κ, there exists a monotone
cofinal map cof(κ) → κ, witnessing that cof(κ) < κ. Combined with cof(P ) < cof(cof(P )), this yields
cof(P ) ∼= cof(cof(P )).
If the poset P is bounded, then P < 1 = add(P ). If P is unbounded, then it contains an unbounded subset
{xα}α∈add(P ) of cardinality add(P ). Then the monotone cofinal map P → add(P ), x 7→ min{α ∈ cof(P ) : xα 6≤
x}, witnesses that P < add(P ).
Now assume that κ = add(P ) = cof(P ) and fix a cofinal subset {xα}α∈κ in P . By transfinite induction for
every α ∈ κ choose an upper bound yα of the set Yα = {xβ}β≤α ∪ {yβ}β<α. Such an upper bound exists as
|Yα| < κ = add(P ). The monotone cofinal map κ→ P , α 7→ yα, witnesses that κ < P . 
The cardinals d = cof(ωω,≤∗) = cof(ωω) and b = add(ωω,≤∗) play an important role in the modern Set
Theory and its applications to General Topology and Topological Algebra, see [34], [85], [23]. It is well-known
that ω1 ≤ b ≤ d ≤ c in ZFC and b = d = c under Martin’s Axiom (abbreviated by MA). So, ω1 < b = d = c
under (MA+¬CH).
Lemma 2.3.3. If a poset P is ωω-dominated, then
add(P ), cof(P ) ∈ {1, ω} ∪ [b, d].
Proof. Let f : ωω → P be a monotone cofinal map. Then the poset P is directed.
To see that cof(P ) ≤ d, take a dominating set D ⊂ ωω of cardinality |D| = cof(ωω) = d and observe that
the set f [D] dominates P . Consequently, cof(P ) ≤ |f [D]| ≤ d.
If cof(P ) < b, then we can find a subset set D ⊂ ωω of cardinality |D| = cof(P ) < b whose image f [D]
is dominating in P . By the definition of the cardinal b > |D|, the set D is dominated by a countable subset
B ⊂ ωω. Then its image f [B] dominates f [D] and hence is dominating in P . Consequently, cof(P ) ≤ |f [B]| ≤
ω. If the (directed) poset P is unbounded, then cof[P ] ≥ ω. If P is bounded, then cof(P ) = 1. Consequently,
cof(P ) ∈ {1, ω} ∪ [b, d].
Next, we show that add(P ) ∈ {1, ω}∪[b, d]. If the poset P is bounded, then add(P ) = 1. If P is unbounded,
then we can choose an unbounded subset B ⊂ P of cardinality |B| = add(P ) and choose a set B′ ⊂ ωω such
that f |B′ : B′ → B is a bijective map. If B′ is finite, then B′ is dominated by a singleton {x} in ωω and then
B = f [B′] is bounded in P , being dominated by the singleton {f(x)} in P . This contradiction shows that B
is infinite and hence ω ≤ |B| = add(P ). If add(P ) = ω, then we are done. So, assume that add(P ) > ω.
If |B| = add(P ) < b, then by the definition of the cardinal b = b(ωω,≤∗), the set B′ is bounded in the
poset (ωω,≤∗) and hence is dominated by a countable set C in the poset ωω = (ωω,≤). By the monotonicity of
f , the set B dominated by the countable set f [C] ⊂ P . Since add(P ) > ω, the countable set f [C] is dominated
by a singleton in P and by the transitivity of the order relation, the set B is dominated by a singleton in P
and hence in bounded in P . This contradiction shows that add(P ) ≥ b. Combined with the trivial inequality
add(P ) ≤ cof(P ), we complete the proof of the embedding add(P ) ∈ {1, ω} ∪ [b, d]. 
Proposition 2.3.2 and Lemma 2.3.3 imply
Corollary 2.3.4. Assume that b = d. If an ωω-dominated poset P has add(P ) > ω, then P ∼= b = d.
Several times we shall use the following fact:
Lemma 2.3.5. For every monotone function f : ωω → P into a poset P with cof(P ) ≤ ω and every α ∈ ωω
there exists k ∈ ω such that the set f [↑(α|k)] = {f(β) : β ∈ ↑(α|k)} is bounded in P .
Proof. Fix a countable cofinal set {yn}n∈ω in P . Assuming that for every k ∈ ω the set f [↑(α|k)] is
unbounded in P , we can find a sequence βk ∈ ω
ω such that βk|k = α|k and f(βk) 6≤ yk. Consider the function
β ∈ ωω defined by
β(i) = max({α(i)} ∪ {βk(i) : k + 1 ≤ i}) for every i ∈ ω.
We claim that β ≥ βn for all n ∈ ω. Given any i ∈ ω we should check that β(i) ≥ βn(i). If n ≤ i+ 1, then
β(i) = max{βk(i) : k ≤ i+ 1} ≥ βn(i) by the definition of β(i). If n > i+ 1, then βn(i) = α(i) ≤ β(i).
Therefore, β ≥ βn and hence f(β) ≥ f(βn). Taking into account that f(βn) 6≤ yn, we conclude that
f(β) 6≤ yn for all n ∈ ω. But this contradicts the choice of the dominating sequence (yn)n∈ω . 
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2.4. ωω-Dominated cardinals and their powers
In this section we detect cardinals κ, λ with ωω-dominated power κλ. It is clear that the ωω-dominacy of
κλ implies the ωω-dominacy of the power κµ for any cardinal µ ≤ λ. This observation suggests to consider the
function e assigning to each cardinal κ the cardinal e(κ) = min{λ : ωω 6< κλ}. The definition of the function e
implies that the poset κe(κ) is not ωω-dominated but for any cardinal λ < e(X) the power κλ is ωω-dominated.
The following proposition describes some properties of the function e.
Proposition 2.4.1. Let κ be an infinite cardinal. Then
(1) e(κ) = e(cof(κ)).
(2) If cof(κ) = ω, then e(κ) = ω1.
(3) If e(κ) > 1, then e(κ) ≥ cof(κ) ∈ {ω} ∪ [b, d].
(4) e(κ) ∈ {1, ω1} ∪ [b, d].
Proof. 1. The equality e(κ) = e(cof(κ)) follows from the (obvious) relation κ ∼= cof(κ).
2. Assuming that cof(κ) = ω and e(X) > ω1, we conclude that ω
ω < ωω1 . This allows us to find a cofinal
subset {ϕα}α∈ωω ⊂ ωω1 such that ϕα ≤ ϕβ for any α ≤ β in ωω. Then the family (Kα)α∈ωω of compact
subsets
Kα =
{
ϕ ∈ Rω1 : |ϕ| ≤ max{0, ϕα}
}
, α ∈ ωω,
is a compact resolution of the space Rω1 = Cp(ω1) (here the cardinal ω1 is endowed with the discrete topology).
By Corollary 2.4 [28], the function space Cp(ω1) is K-analytic and hence Lindelo¨f. By Theorem 9.17 of [62],
the discrete space ω1 is σ-compact, which is a desired contradiction, showing that ω
ω 6< ωω1 .
3. Assuming that e(κ) > 1, we conclude that ωω < κ1 ∼= cof(κ) and then cof(κ) ∈ {ω} ∪ [b, d] by
Lemma 2.3.3. The regularity of the cardinal cof(κ) implies that cof(κ)λ ∼= cof(κ) for every cardinal λ < cof(κ)
and hence e(κ) = e(cof(κ)) ≥ cof(κ).
4. If e(κ) > 1, then ωω < κ1 and hence ωω ∼= (ωω)ω < κω. This implies that e(κ) ≥ ω1.
If e(κ) > ω1, then ω
ω < κω1 < κ and hence cof(κ) ∈ {ω} ∪ [b, d] by Lemma 2.3.3. Taking into account
that e(ω) = ω1 < e(κ) = e(cof(κ)), we conclude that cof(κ) 6= ω and hence cof(κ) ∈ [b, d]. By the preceding
statement, e(κ) ≥ cof(κ) ≥ b.
Finally, we prove that e(κ) ≤ d. This inequality will follow as soon as we check that ωω 6< κd. Find a
dominating subset {xα}α∈d ⊂ ωω. For every α ∈ d, consider the projection prα : κ
d → κ, prα : ϕ 7→ ϕ(α).
Assuming that e(κ) > d, we can find a cofinal monotone map f : ωω → κd. Choose a function y ∈ κd such
that y(α) > prα ◦ f(ϕα) for every α ∈ d. By the cofinality of f , there exists a function x ∈ ω
ω such that
f(x) ≥ y. By the choice of the dominating set {xα}α∈d, there exists an ordinal α ∈ κ such that x ≤ xα. Then
f(xα) ≥ f(x) ≥ y and hence prα(f(xα)) ≥ y(α) > prα(f(xα)), which is a contradiction completing the proof
of the inequality e(κ) ≤ d. 
Now we give some examples of uncountable cardinals κ with e(κ) > 1. This inequality holds if and only
if the cardinal κ is ωω-dominated. Taking into account that κ ∼= cof(κ), we get the following lemma reducing
the problem of detecting ωω-dominated cardinal to the case of regular uncountable cardinals.
Lemma 2.4.2. A cardinal κ is ωω-dominated if and only if its cofinality cof(κ) is ωω-dominated.
Given a filter F on ω, consider the partial preorder ≤F on ωω defined by f ≤F g iff {n ∈ ω : f(n) ≤
g(n)} ∈ F for f, g ∈ ωω. Taking into account that the identity map ωω → (ωω,≤F) is monotone and cofinal,
we can apply Proposition 2.3.2 and get
Corollary 2.4.3. For any filter F on ω the cardinals add(ωω,≤F), cof(ωω,≤F), and cof(cof(ωω,≤F))
are ωω-dominated.
Taking into account that ≤∗=≤F for the Freche´t filter F = {A ⊂ ω : |ω \A| < ω} on ω, we conclude that
Corollary 2.4.3 imply the following known fact (see [65], [69]).
Corollary 2.4.4. The cardinals b, d, cof(d) are ωω-dominated.
Remark 2.4.5. If F is an ultrafilter on ω, then any two elements x, y ∈ ωω are comparable in the poset
(ωω,≤F ), which implies that add(ωω,≤F) = cof(ωω,≤F). By [25], there exists a free ultrafilter F on ω such
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that add(ωω,≤F) = cof(ωω,≤F ) = cof(d). More information on the cardinals b(ωω,≤F) and cof(ωω,≤F) for
various filters F can be found in [24] and [18, Ch.3].
For the cardinal κ = ω the definition of the cardinal e(κ) ensures that e(κ) > κ. It is natural to ask if ω is
a unique infinite regular cardinal κ such that e(κ) > κ. To answer this question, let us consider the cardinal
e♯ = sup{κ+ : ω ≤ cof(κ) = κ < e(κ)}.
Proposition 2.4.6. e♯ ∈ {ω1} ∪ (b, d].
Proof. If κ is a regular infinite cardinal with ωω < κκ, then ωω < κ and by Lemma 2.3.3, κ = cof(κ) ∈
{ω} ∪ [b, d]. Combining this fact with (the proof of) Proposition 2.4.1(4), we conclude that κ ∈ {ω} ∪ [b, d)
and hence κ+ ∈ {ω1} ∪ (b, d]. Then e♯ ∈ {ω1} ∪ (b, d], too. 
Proposition 2.4.6 implies:
Corollary 2.4.7. If b = d, then e♯ = ω1.
It is natural to ask if e♯ = ω1 implies b = d. The answer to this question is negative and will be derived
from the following deep result of Cummings and Shelah [31] (see also [71, 2.28]).
Theorem 2.4.8 (Cummings-Shelah). Let F be a class function assigning to each regular cardinal κ a triple
(β(κ), δ(κ), λ(κ)) of cardinals such that
κ < cof(λ(κ)), κ < β(κ) = cof(β(κ)) ≤ cof(δ(κ) ≤ δ(κ) ≤ λ(κ) and λ(κ) ≤ λ(κ′)
for any regular cardinals κ < κ′. Then there is a class forcing poset P preserving all cardinals and cofinalities
such that in the generic extension
add(κκ,≤∗) = β(κ), cof(κκ,≤∗) = δ(κ) and 2κ = λ(κ)
for every regular infinite cardinal κ.
In this theorem by ≤∗ we denote the preorder on κκ defined by f ≤∗ g iff |{n ∈ κ : f(n) 6≤ g(n)}| < κ.
Proposition 2.4.9. There exists a model of ZFC such that ω1 = b < d = ω2 and e
♯ = ω1.
Proof. By Theorem 2.4.8, there exists a model of ZFC such that b = ω1, d = ω2 and cof(κ
κ,≤∗) = ω3 for
the cardinal κ = ω1. We claim that e
♯ = ω1 in this model. Assuming that e
♯ > ω1, we could find an uncountable
regular cardinal κ such that ωω < κκ, which implies cof(κκ,≤∗) ≤ cof(κκ) ≤ cof(ωω) = d. Lemma 2.3.3 and
Proposition 2.4.1 imply that κ = cof(κ) ∈ [b, d) = {ω1}. Then κ = ω1 and cof(κκ,≤∗) = ω3 > ω2 = d, which
is a desired contradiction. 
Now we shall describe models of ZFC in which e♯ > ω1.
Definition 2.4.10. Let κ be an infinite cardinal. A subset L ⊂ ωω will be called κ-Lusin if for every
x ∈ ωω the set Lx = {y ∈ L : y ≤ x} has cardinality |Lx| < κ.
The following observation is due to Lyubomyr Zdomskyy1.
Proposition 2.4.11 (Zdomskyy). Let κ be a regular infinite cardinal and λ be an infinite cardinal. If
L ⊂ ωω is a κ-Lusin set of cardinality |L| ≥ cof(κλ), then ωω < κλ.
Proof. Fix a dominating set D ⊂ κλ of cardinality |D| = cof(κλ) and let g : L → D be a surjective
map. For every x ∈ ωω the set Lx = {z ∈ L : z ≤ x} has cardinality |Lx| < κ and hence its image g(Lx) has
supremum in the poset κλ. Then the formula f(x) = sup g(Lx) determines a well-defined monotone cofinal
function f : ωω → κλ, witnessing that ωω < κλ. 
Theorem 2.4.12. In some model of ZFC the space ωω contains an ω1-Lusin set of cardinality c = ω2 = 2
ω1 .
In this model ωω < ωω11 and e
♯ = ω2 = d > b = ω1.
Proof. The paper [19] (see also [55, Ch.27]) describes a model of ZFC in which the space ωω contains an
ω1-Lusin set of cardinality c = ω2. By [64, VII.5.13] in this model 2
ω1 = c. By Proposition 2.4.11, ωω < (ω1)
ω1
and hence ω1 < e
♯ = ω2 = c = 2
ω1 . By Corollary 2.4.7, the strict inequality ω1 < e
♯ implies b < d. Taking into
account that c = ω2, we conclude that b = ω1 and d = ω2. 
1http://mathoverflow.net/questions/243365/cofinal-monotone-maps-from-omega-omega-to-kappa-kappa
CHAPTER 3
Preuniform and uniform spaces
In this chapter we recall the necessary information related to preuniform spaces.
3.1. Entourages
By an entourage on a set X we understand any subset U ⊂ X × X containing the diagonal ∆X =
{(x, y) ∈ X × X : x = y} of the square X × X . For an entourage U ⊂ X × X and a point x ∈ X the set
U [x] = {y ∈ X : (x, y) ∈ U} is called the U -ball centered at x. For a subset A ⊂ X the set U [A] =
⋃
a∈A U [a]
is the U -neighborhood of A.
For two entourages U, V on X let UV = {(x, z) : ∃y ∈ X, (x, y) ∈ U, (y, z) ∈ V } be their composition and
U−1 = {(y, x) : (x, y) ∈ U} be the inverse entourage to U .
For an entourage U on X its powers Un an U−n are defined by induction: U0 = ∆X and U
(n+1) = UUn,
U−(n+1) = U−1U−n for n ∈ ω. The alternating powers U±n and U∓n of U also are defined by induction:
U±0 = U∓0 = ∆X and U
±(n+1) = UU∓n and U∓(n+1) = U−1U±n for n ∈ ω.
So, U±1 = U , U∓1 = U−1, U±2 = UU−1, U∓2 = U−1U , U±3 = UU−1U , etc.
An entourage U on a topological space X is called a neighborhood assignment if for every x ∈ X the U -ball
U [x] is a neighborhood of x.
3.2. Uniformities, quasi-uniformities, preuniformities
A preuniformity on a set X is any filter of entourages on X , i.e., a family U of entourages on X , satisfying
two axioms:
(U1) for any U, V ∈ U the intersection U ∩ V belongs to U ;
(U2) for any entourages U ⊂ V on X the inclusion U ∈ U implies V ∈ U .
A subfamily B ⊂ U is called a base of a preuniformity U if for each U ∈ U there exists B ∈ B such that B ⊂ U .
It is clear that each base of a preuniformity satisfies the axiom (U1), and each family B of entourages on a set
X satisfying the axiom (U1) is a base of the unique preuniformity ↑B = {U ⊂ X ×X : ∃B ∈ B B ⊂ U}.
A preuniformity U on a set X is called
• quasi-uniform (or else a quasi-uniformity) if for each U ∈ U there is V ∈ U such that V V ∈ U ;
• uniform (or else a uniformity) if for each U ∈ U there is V ∈ U such that V V ⊂ U and V −1 ⊂ U .
A preuniform space is a pair (X,UX) consisting of a set X and a preuniformity UX on X . A preuniform
space (X,UX) is called a (quasi-)uniform space if its preuniformity UX is (quasi-)uniform. In the sequel the
preuniformity of a preuniform space X will be denoted by UX .
Each subset A ⊂ X of a preuniform space (X,UX) carries the induced preuniformity UA = {U ∩ (A×A) :
U ∈ UX}. The preuniform space (A,UA) is called a subspace of the preuniform space (X,UX).
Each preuniformity U on a set X generates a topology on X , which consists of all subsets W ⊂ X such
that for every x ∈ W there is U ∈ U such that U [x] ⊂W .
Definition 3.2.1. A preuniformity U on a set X is called topological if for each point x ∈ X the family
(U [x])x∈X is a neighborhood base at x in the topology generated by the preuniformity.
It is easy to see that each quasi-uniform preuniformity is topological.
Example 3.2.2. For a topological space X the family pU of all neighborhood assignments is a topological
preuniformity, called the universal preuniformity of the topological space X .
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Proposition 3.2.3. Let (A,UA) be a subspace of a topological preuniform space (X,UX). Then the topology
τA on A generated by the preuniformity UA coincides with the subspace topology τX |A = {U ∩ A : U ∈ τX}
induced from the topology τX , generated by the preuniformity UX . Consequently, the preuniform space (A,UA)
is topological.
Proof. It is clear that τX |A ⊂ τA. To prove the inclusion τA ⊂ τX |A, fix any open set W ∈ τA and for
every point x ∈W find an entourage Vx ∈ UA such that Vx[x] ⊂W . By the definition of the preuniformity UA,
there exists an entourage Ux ∈ UX such that Vx = Ux ∩ (A × A). Since the preuniformity UX is topological,
the interior Ux[x]
◦ of the Ux-ball Ux[x] in X contains x and hence W˜ =
⋃
x∈W Ux[x]
◦ is an open subset of X
such that W˜ ∩ A =W . 
A preuniformity U on a topological space X is called basic if U is topological and generates the topology
of X . This happens if and only if for every x ∈ X the family {U [x] : U ∈ U} is a neighborhood base at x. It is
easy to see that each basic preuniformity on a topological space X is contained in its universal preuniformity
pUX .
A preuniformity U on a set X is called normal if A ⊂ U [A]
◦
for any subset A ⊂ X and any entourage
U ∈ U . Here the closure and the interior is taken in the topology generated by the preuniformity. By [16],
each uniformity is normal. In [15] normal preuniformities are called set-rotund.
The following theorem was proved by Banakh and Ravsky [16].
Theorem 3.2.4 (Banakh, Ravsky). Assume that the topology of a topological space X is generated by a
normal quasi-uniformity U . Then for every set A ⊂ X and entourage U ∈ U there exists a continuous function
f : X → [0, 1] such that
A ⊂ f−1(0) ⊂ f−1
[
[0, 1)
]
⊂ U [A]
◦
.
This implies that the space X is
(1) Hausdorff (at a point x ∈ X) iff X is semi-Hausdorff (at x) iff X is functionally Hausdorff (at x);
(2) regular (at a point x ∈ X) iff X is semi-regular (at x) iff X is completely regular (at x).
Each preuniformity U will be considered as a poset endowed with the partial order ≤ of reverse inclusion
defined by U ≤ V iff V ⊂ U .
Given a poset P we shall say that a preuniformity U has a P -base if U has a base {Uα}α∈P such that
Uβ ⊂ Uα for all α ≤ β in P . Lemma 2.2.1 implies that a preuniformity U has a P -base iff P < U iff U ≤T P .
3.3. The canonical (quasi-)uniformity on a preuniform space
For a preuniform space (X,UX) its canonical (quasi-)uniformity is the largest (quasi-)uniformity, contained
in UX . This (quasi-)uniformity admits the following constructive description.
For a sequence (Un)n∈ω of entourages on X define their permutation product
⊗
n∈ω Un by the formula⊗
n∈ωUn =
⋃
n∈ω
⋃
σ∈Sn
Uσ(0) · · ·Uσ(n−1),
where Sn is the group of bijections of the ordinal n = {0, . . . , n− 1}.
Definition 3.3.1. Let (X,UX) be a preuniform space.
• The preuniformity U+ωX on X , generated by the base
{⊗
n∈ω Un : (Un)n∈ω ∈ (UX)
ω
}
, is called the
canonical quasi-uniformity of the preuniform space (X,UX).
• The preuniformity U±ωX on X , generated by the base
{⊗
n∈ω(U ∪U
−1) : (Un)n∈ω ∈ (UX)ω
}
, is called
the canonical uniformity of the preuniform space (X,UX).
It can be shown that the canonical (quasi-)uniformity of a preuniform space X coincides with the largest
(quasi-)uniformity, contained in the preuniformity of X .
Definition 3.3.1 implies the following proposition.
Proposition 3.3.2. Let P be a poset. If the preuniformity UX of a preuniform space X has a P -base,
then the canonical quasi-uniformity U+ωX and the canonical uniformity U
±ω
X of X both have P
ω-bases.
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The canonical uniformity of a preuniform space can be equivalently defined using uniform pseudometrics.
A pseudometric d : X×X → R on a preuniform space (X,UX) is called uniform if for every ε > 0 the entourage
[d]<ε = {(x, y) ∈ X × X : d(x, y) < ε} belongs to the preuniformity UX . By PMu(X) we shall denote the
family of uniform pseudometrics on X . Using Theorem 8.1.10 [37], it can be shown that for a preuniform space
X the family {[d]<1 : d ∈ PMu(X)} is a base of the canonical uniformity U
±ω
X of X .
Recall that for a topological space X the family pUX of all neighborhood assignments on X is called the
universal preuniformity of X . The canonical (quasi-)uniformity pU±ωX (resp. pU
+ω
X ) of the preuniform space
(X, pUX) is called the universal (quasi-)uniformity on X and is denoted by UX (resp. qUX), see [14, §3].
Proposition 3.3.3. Let Z be a subspace of a topological space X. Then
(1) pUZ = {U ∩ (Z × Z) : U ∈ pUX} and hence pUX < pUZ ;
(2) If Z is closed in X, then qUZ = {U ∩ (Z × Z) : U ∈ qUX} and hence qUX < qUZ ;
(3) If Z is closed in X and X is paracompact, then UZ = {U ∩ (Z × Z) : U ∈ UX} and hence UX < UZ .
Proof. 1. The equality pUZ = {U ∩ (Z × Z) : U ∈ pUX} follows from the observation that for every
neighborhood assignment V ∈ pUZ there exists a neighborhood assignment U ∈ pUX such that U∩(Z×Z) = V .
This implies that the monotone map pUX → pUZ , U 7→ U ∩ (Z × Z), is cofinal, witnessing that pUX < pUZ .
2. Assume that the subspace Z is closed in X . To prove that qUZ = {U ∩ (Z×Z) : U ∈ qUX}, it suffices to
find for every entourage V ∈ qUZ an entourage U ∈ qUX such that U ∩ (Z × Z) ⊂ U . By the definition of the
universal quasi-uniformity qUX , there exists a sequence of entourages (Vn)n∈ω ∈ pUZ such that
⊗
n∈ω Vn ⊂ V .
For every n ∈ ω find a neighborhood assignment Un ∈ pUX such that Un[z] ∩ Z = Vn[z] for every z ∈ Z and
Un[z] ⊂ X \ Z for every x ∈ X \ Z. Consider the neighborhood assignment U =
⊗
n∈ω Un ∈ qUX and observe
that U ∩ (Z × Z) =
⊗
n∈ω Vn ⊂ V .
The monotone cofinal map qUX → qUZ , U 7→ U ∩ (Z × Z), witnesses that pUX < pUZ .
3. Assume that the space X is paracompact and the subspace Z ⊂ X is closed. To prove that UZ =
{U ∩ (Z×Z) : U ∈ UX}, take any entourage E ∈ UZ and by the paracompactness of Z, find an open cover V of
Z such that V ×V ⊂ E for all V ∈ V . Next, find an open cover U of X such that for every U ∈ U the set U∩Z is
either empty or belongs to the cover V . By the paracompactness of X , the entourageW =
⋃
U∈U U×U belongs
to the universal uniformity UX of X . The choice of the cover U guarantees thatW∩(Z∩Z) =
⋃
V ∈V V ×V ⊂ E.
This implies that {U ∩ (Z × Z) : U ∈ UX} ⊂ UZ . The reverse inclusion is obvious. The monotone cofinal map
UX → UZ , U 7→ U ∩ (Z × Z), witnesses that UX < UZ . 
3.4. Locally (quasi-)uniform preuniformities
Definition 3.4.1. A preuniformity U on a set X is called
• a locally quasi-uniform if for every point x ∈ X and neighborhood Ox ⊂ X of x there is an entourage
U ∈ U such that UU [x] ⊂ Ox;
• locally uniform if for every point x ∈ X and neighborhood Ox ⊂ X of x there is an entourage U ∈ U
such that UU−1U [x] ⊂ Ox;
• locally ∞-quasi-uniform if for any point x ∈ X and neighborhood Ox ⊂ X there exists a sequence of
entourages (Un)n∈ω ∈ Uω such that
⋃
n∈ω
⋃
σ∈Sn
Uσ(0) · · ·Uσ(n−1)[x] ⊂ Ox;
• locally ∞-uniform if for any point x ∈ X and neighborhood Ox ⊂ X there exists a sequence of
entourages (Un)n∈ω ∈ Uω such that
⋃
n∈ω
⋃
ε∈{−1,1}n
⋃
σ∈Sn
U
ε(0)
σ(0) · · ·U
ε(n−1)
σ(n−1)[x] ⊂ Ox.
Here X is endowed with the topology generated by the preuniformity U .
It is clear that for any preuniformity we have the implications:
uniform +3

locally ∞-uniform +3

locally uniform

quasi-uniform +3 locally ∞-quasi-uniform +3 locally quasi-uniform.
Definition 3.4.2. A preuniform space X is called locally (quasi-)uniform if its preuniformity is topological
and locally (quasi-)uniform.
The following simple (but useful) proposition can be derived from Definition 3.4.1 by induction on n.
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Proposition 3.4.3. A topological preuniformity U on a set X is
(1) locally quasi-uniform if and only if for every n ∈ N, point x ∈ X and neighborhood Ox ⊂ X of x there
exists an entourage U ∈ U such that Un[x] ⊂ Ox;
(2) locally uniform if and only if for every integer n ≥ 3, point x ∈ X and neighborhood Ox ⊂ X of x
there exists an entourage U ∈ U such that U±n[x] ⊂ Ox;
(3) locally ∞-quasi-uniform if and only if the canonical quasi-uniformity U+ω generates the topology of
X;
(4) locally ∞-uniform if and only if the canonical uniformity U±ω generates the topology of X.
The following proposition can be easily derived from Definition 3.4.2 and Proposition 3.2.3.
Proposition 3.4.4. Each subspace A of a locally (quasi-)uniform space X is locally (quasi-)uniform.
Theorem 3.4.5. Assume that (X,UX) is a preuniform space whose preuniformity is topological and gen-
erates a compact Hausdorff topology on X. The preuniformity UX is locally uniform if and only if it is locally
quasi-uniform.
Proof. The “only if” part is trivial. To prove the “if” part, assume that the preuniformity UX is locally
quasi-uniform. To prove that UX is locally uniform, fix any point x ∈ X and an open neighborhood Ox ⊂ X
of x. Since the preuniformity UX is locally quasi-uniform, there exists an entourage V ∈ UX such that
V 2[x] ⊂ Ox. For every y ∈ X \V [x]◦ use the Hausdorff property of the space X and the local quasi-uniformity
of the preuniformity UX to find an entourage Uy ∈ UX such that U2y [y] ∩ Uy[x] = ∅. By the compactness of
X \ V [x]◦ there is a finite subset F ⊂ X \ V [x]◦ such that X \ V [x]◦ ⊂
⋃
y∈F Uy[y]. Then for the entourage
U = V ∩
⋂
y∈F Uy ∈ UX we get U [x] ∩ U [X \ V [x]
◦] = ∅ and hence U−1U [x] ⊂ V [x]◦ ⊂ V [x]. Then
UU−1U [x] ⊂ UV [x] ⊂ V 2[x] ⊂ Ox, witnessing that the preuniformity UX is locally uniform. 
A quasi-uniformity on a compact Hausdorff space needs not be uniform.
Example 3.4.6. For the convergent sequence X = {0}∪{2−n : n ∈ ω} the universal quasi-uniformity qUX
fails to be a uniformity, see [14, 3.1].
The following example shows that a topological preuniformity generating a compact Hausdorff topology is
not necessarily locally (quasi-)uniform.
Example 3.4.7. On any infinite T1-space X consider the preuniformity UX consisting of neighborhood
assignments U ⊂ X × X such that U [x] = X for all but finitely many points x ∈ X . It is easy to see that
the preuniformity UX is topological and generates the topology of X . Since U−1[x] = X for any U ∈ UX and
x ∈ X , the preuniformity UX is not locally uniform. If X is not discrete, then UX is not locally quasi-uniform.
3.5. Entourage bases for topological spaces
Definition 3.5.1. A family B of entourages on a topological space X is called an entourage base for X if
B is a base of a topological preuniformity generating the topology of X .
A based space is a pair (X,BX) consisting of a topological space X and an entourage base BX for X .
Entourage bases for topological spaces can be characterized as follows.
Proposition 3.5.2. A family B of entourages on a topological space X is an entourage base for X if and
only if has the following two properties:
(1) for any entourages U, V ∈ B there exists an entourage W ∈ B such that W ⊂ U ∩ V ;
(2) for every x ∈ X the family B[x] := {B[x] : B ∈ B} is a neighborhood base at x in the topological space
X.
An entourage base B for a topological space X is called
• a symmetric base if B = B−1 for each entourage B ∈ B;
• a symmetrizable if for every x ∈ X the set B−1[x] is a neighborhood of x in X ;
• uniform (resp. quasi-uniform, locally uniform, locally quasi-uniform, locally ∞-uniform, locally ∞-
quasi-uniform) if so is the preuniformity U = {U ⊂ X ×X : ∃B ∈ B B ⊂ U} generated by the base
B.
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It is easy to see that an entourage base is locally uniform if it is symmetric and locally quasi-uniform. Observe
also that each symmetric base is symmetrizable. In Chapter 6 we shall use the following simple fact.
Proposition 3.5.3. If a base B for a topological space X is symmetrizable, then the family
←→
B := {B∩B−1 :
B ∈ B} is a symmetric base for X. The base
←→
B is (locally) uniform if the base B is (locally) quasi-uniform.
Theorem 3.5.4. For a T0-space X the following conditions are equivalent:
(1) X is metrizable;
(2) X has a countable uniform base;
(3) X has a countable locally uniform base;
(4) X has a countable symmetrizable locally quasi-uniform base.
Proof. We shall prove the implications (1)⇒ (2)⇒ (4)⇒ (3)⇒ (1). In fact, the first two implications
are trivial.
(4)⇒ (3) If B is a countable symmetrizable locally quasi-uniform base for X , then the family {B ∩B−1 :
B ∈ B} is a countable (symmetric) locally uniform base for X .
(3) ⇒ (1). Assume that the T0-space X has a countable locally uniform base B = {Bn}n∈ω. Replacing
each entourage Bn by the intersection
⋂
i≤n Bi, we can assume that the sequence (Bn)n∈ω is decreasing. To
prove that the space X is metrizable, we shall apply the Metrization Theorem of Moore [37, 5.4.2] (see also
[50, 1.4]). According to this theorem, the metrizability of X will be proved as soon as we construct a sequence
(Un)n∈ω of open covers of X such that for each point x ∈ X and neighborhood Ox ⊂ X of x there exist a
neighborhood Vx of x and a number n ∈ ω such that St(Vx;Un) ⊂ Ox.
For every n ∈ ω consider the open cover Un = {Bn[x]◦}x∈X by interiors of the Bn-balls. We claim the
sequence of covers (Un)n∈ω satisfies the requirement of the Moore Metrization Theorem. Indeed, for every point
x ∈ X and every neighborhood Ox ⊂ X of x, the local uniformity of the base B yields a number n ∈ ω such
that B±3n [x] ⊂ Ox. Then for the neighborhood Vx = Bn[x] we get St(Vx;Un) ⊂ BnB
−1
n [Vx] = B
±3
n [x] ⊂ Ox.
Now we can apply Moore Metrization Theorem [37, 5.4.2] and conclude that the space X is metrizable. 
We recall that a topological space X is an R0-space if for each point x ∈ X any neighborhood Ox ⊂ X of
x contains the closure {x} of the singleton {x}.
Proposition 3.5.5. Let X be a topological space and cov<ω(X) be the family of open finite covers of X.
If X is a R0-space, then the family sBX = {BU : U ∈ cov<ω(X)} of the entourages BU =
⋃
U∈U U × U is a
symmetric base for X. If X is a regular space, then sBX is a locally uniform symmetric base for X.
Proof. It is clear that the family sBX is closed under finite intersections and consists of symmetric
entourages. To see that sBX is a symmetric base for X , it suffices to check that for every x ∈ X the family
{BU [x] : U ∈ cov<ω(X)} is a neighborhood base at x. Given any open neighborhood Ox of x, consider the
open cover U = {Ox, X \ {x}} of X and observe that BU [x] = Ox.
Now assuming that the space X is regular, we shall prove that the base sBX is locally uniform. Given
a point x ∈ X and an open neighborhood Ox ⊂ X of x, use the regularity of the space X to find open sets
U1, U2, U3 ⊂ X such that
x ∈ U1 ⊂ U¯1 ⊂ U2 ⊂ U¯2 ⊂ U3 ⊂ U¯3 ⊂ Ox.
Put U0 = ∅, U4 = Ox, and U5 = X . Consider the open cover U = {Ui+1 \ U¯i−1 : 1 ≤ i ≤ 4} of X and the
corresponding entourage BU ∈ sBX . Observe that B
−1
U = BU and
B±3U [x] = B
3
U [x] = B
2
U [BU [x]] = B
2
U [U2] ⊂ BU [U3] ⊂ U4 = Ox,
which means that the base sBX is locally uniform. 
Now we investigate the separation properties of topological spaces admitting entourage bases with some
specific properties.
Proposition 3.5.6. If a T0-space X admits a symmetrizable entourage base B, then X is a T1-space.
Proof. Given two distinct points x, y ∈ X we need to find a neighborhood Ux of x, which does not
contain y. Since X is a T0-space, there exists an open set V ⊂ X such that V ∩ {x, y} is a singleton. If
this singleton is {x}, then Ux := V is a required neighborhood of x, not containing y. So, we assume that
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V ∩ {x, y} = {y}. Since the family {B[y] : B ∈ B} is an entourage base at y, there exists an entourage
B ∈ B such that B[y] ⊂ V . Since the base B is symmetrizable, B[y] ∩B−1[y] ⊂ V is a neighborhood of y, not
containing x. Then Ux := B[x] ∩B−1[x] is a required neighborhood of x, not containing y. 
Proposition 3.5.7. For a topological space X the following conditions are equivalent:
(1) X is regular;
(2) X admits a symmetric locally uniform base;
(3) X admits a locally uniform base;
(4) X admits a symmetrizable locally quasi-uniform base;
Proof. The implication (1)⇒ (2) was proved in Proposition 3.5.5 and (2)⇒ (4) is trivial.
(4)⇒ (3) If B is a symmetrizable locally quasi-uniform base for X , then the family {B ∩B−1 : B ∈ B} is
a (symmetric) locally uniform base for X .
(3) ⇒ (1) Assume that X admits a locally uniform base B. Given a point x ∈ X and a neighborhood
Ox ⊂ X of x, find an entourage B ∈ B such that B−1B[x] ⊂ Ox. Then B[x] ⊂ B−1B[x] ⊂ Ox and B[x] is a
closed neighborhood of x, contained in Ox. 
Proposition 3.5.8. For a topological space X the following conditions are equivalent:
(1) X is completely regular;
(2) X admits a uniform base;
(3) X admits a normal quasi-uniform base;
(4) X admits a symmetrizable quasi-uniform base;
(5) X admits a locally ∞-uniform base.
Proof. The implications (1) ⇒ (2) ⇒ (3, 4, 5) are well-known or trivial. The implication (3) ⇒ (1) and
(5) ⇒ (2) follow from Theorem 3.2.4 and Proposition 3.4.3(4). The implication (4) ⇒ (2) follows from the
observation that for any symmetrizable quasi-uniform base B for X the family U = {B ∩ B−1 : B ∈ B} is a
uniform base for X . 
3.6. Uniformly continuous and κ-continuous maps between preuniform spaces
Definition 3.6.1. A function f : X → Y between preuniform spaces is called uniformly continuous if for
every entourage UY ∈ UY there exists an entourage UX ∈ UX such that {(f(x), f(x′)) : (x, x′) ∈ UX} ⊂ UY .
Inserting a cardinal parameter κ into the definition of a uniformly continuous map, we obtain the definition
of a κ-continuous map.
Definition 3.6.2. Let κ be a non-zero cardinal. A function f : X → Y between preuniform spaces is
called κ-continuous if for every entourage U ∈ UY there exists a subfamily V ⊂ UX of cardinality |V| ≤ κ such
that for every x ∈ X there exists an entourage V ∈ V such that f(V [x]) ⊂ U [f(x)].
Observe that a function f : X → Y between preuniform spaces is uniformly continuous if and only if it
is 1-continuous. On the other hand, a function f : X → Y from a preuniform space X to a (topological)
preuniform space Y is continuous if (and only if) f is κ-continuous for the cardinal κ = cof(UX).
For a cardinal κ and a preuniform space X by Cκ(X) we denote the space consisting of κ-continuous real-
valued functions on X . The space Cκ(X) is endowed with the topology of pointwise convergence, inherited
from the Tychonoff power RX . The set Cκ(X) will be considered as a poset endowed with the partial order,
inherited from RX .
It will be convenient to denote the function space C1(X) by Cu(X). On the other hand, for the cardinal
κ = |BX | the function space Cκ(X) coincides with the space Cp(X) of all continuous real-valued functions on
X . It follows that
Cu(X) ≤ Cκ(X) ⊂ Cp(X) ⊂ R
X
for every non-zero cardinal κ.
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3.7. R-separated and R-regular preuniform spaces
Given a preuniform space X , consider the canonical map δ : X → RCu(X) assigning to each point x ∈ X
the Dirac measure δx : Cu(X)→ R, δx : f 7→ f(x), on the space Cu(X) of all uniformly continuous real-valued
functions on X . The continuity of uniformly continuous functions on X guarantees that the Dirac measure δx
is a continuous function on Cu(X), which yields the inclusion δ(X) ⊂ Cp(Cu(X)) ⊂ RCu(X).
Definition 3.7.1. A preuniform space X is called
• R-separated if the canonical map δ : X → RCu(X) is injective;
• R-regular if the canonical map δ : X → RCu(X) is a topological embedding.
It follows that each R-separated preuniform space is functionally Hausdorff and each R-regular preuniform
space is Tychonoff. Conversely, each Tychonoff space X endowed with its universal (pre- or quasi-)uniformity
is an R-regular preuniform space.
Proposition 3.7.2. A preuniform space X is R-regular if and only if X is a T0-space and the topology of
X is generated by the canonical uniformity U±ωX of X.
Proof. If X is R-regular, then the canonical map δ : X → RCu(X) is a topological embedding, which
implies that X is a T0-space. Let τu be the topology on X , generated by the canonical uniformity U
±ω
X .
The definition of the canonical uniformity U±ωX implies that the map δ : (X, τu) → R
Cu(X) is continuous.
Taking into account that the identity map id : X → (X, τu) is continuous and δ : X → RCu(X) is a topological
embedding, we conclude that the identity map X → (X, τu) is a homeomorphism, which implies that the
topology τu generated by the canonical uniformity U
±ω
X coincides with the topology of the space X .
Now assume that X is a T0-space and the topology of X is generated by the canonical uniformity U
±ω
X .
To show that δ : X → RCu(X) is a topological embedding, fix any point x ∈ X and any neighborhood Ox ⊂ X .
We need to find an open set W ⊂ RCu(X) such that δ−1(W ) ⊂ Ox. Find an entourage U ∈ U
±ω
X such that
U [x] ⊂ Ox. By Theorem 8.1.10 [37], there exists a pseudometric d : X ×X → [0, 1] such that U ⊃ [d]<1 ∈ UX .
It follows that the function dx : X → R, dx : y 7→ d(x, y), is uniformly continuous and hence belongs to the
function space Cu(X). Consider the open set W = {µ ∈ RCu(X) : µ(dx) < 1} ⊂ RCu(X) and observe that
δ−1(W ) = {y ∈ X : δy(dx) < 1} = {y ∈ X : d(x, y) < 1} ⊂ U [x] ⊂ Ox.

An entourage base B for a topological space X is defined to be R-regular (resp. R-separated) if so is the
preuniformity U = {U ⊂ X ×X : ∃B ∈ B (B ⊂ U)} generated by the base B. Proposition 3.7.2 implies the
following characterization.
Corollary 3.7.3. A base BX for a topological space X is R-regular if and only if X is a T0-space and
BX is locally ∞-uniform.
3.8. Universal preuniform spaces
Definition 3.8.1. A preuniform space X is called universal if each continuous map f : X → Y to a metric
space Y is uniformly continuous.
Example 3.8.2. Any topological space X endowed with its universal (pre- or quasi-) uniformity is a
universal preuniform space.
Inserting a cardinal parameter κ into the definition of a universal preuniform space, we get the definition
of a κ-universal preuniform space.
Definition 3.8.3. Let κ be a cardinal. A preuniform space X is called κ-universal if each κ-continuous
map f : X → Y to a metric space Y of density d(Y ) ≤ κ is uniformly continuous.
It is clear that a preuniform space is universal if and only if it is κ-universal for any cardinal κ.
Definition 3.8.4. A preuniform space X is called R-universal if each ω-continuous map f : X → R is
uniformly continuous. This is equivalent to Cω(X) = Cu(X).
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It is clear that for each preuniform space X we have the implications
universal ⇒ ω-universal ⇒ R-universal.
Definition 3.8.5. An entourage base B for a topological space X is called universal (resp. R-universal,
R-regular) if so is the preuniform space (X,UX) endowed with the preuniformity UX = {U ⊂ X ×X : ∃B ∈
B (B ⊂ U)} generated by the base B.
Lemma 3.8.6. Each universal base B for a Tychonoff space X is R-universal and R-regular.
Proof. Let Cu(X) be the space of uniformly continuous real-valued functions on the based space (X,B).
The universality of the base B implies that Cu(X) = C(X) and hence Cu(X) = Cω(X), which means that
the base B is R-universal. Since the space X is Tychonoff, the canonical map δ : X → RC(X) = RCu(X) is a
topological embedding, which means that the base B is R-regular. 
3.9. Precompact and ω-narrow subsets in preuniform spaces
A subset B ⊂ X of a preuniform space X is called
• precompact if for each uniformly continuous map f : X → Y to a complete metric space Y the image
f(B) has compact closure in Y ;
• κ-narrow for some cardinal κ if for each uniformly continuous map f : X → Y to a metric space Y
the image f(B) has density ≤ κ.
A preuniform space X is called precompact (resp. ω-narrow) if so is the set X in X .
Precompact and κ-narrow preuniform spaces can be equivalently defined with the help of the (sharp)
covering number.
For sets A ⊂ X and an entourage E ⊂ X ×X let
cov(A;E) = min{|D| : D ⊂ X, A ⊂ E[D]}
and let cov(A;E)+ be the successor cardinal of the cardinal cov(A;E). For a family E of entourages on X we
put
cov(A; E) = sup
E∈E
cov(A;E) and cov♯(A; E) = sup
E∈E
cov(A;E)+.
Proposition 3.9.1. A subset A of a preuniform space (X,UX) is precompact if and only if cov♯(A;U
±ω
X ) ≤
ω.
Proof. To prove that “if” part, assume that cov♯(A;U±ωX ) ≤ ω and take any uniformly continuous map
f : X → Y to a complete metric space (Y, d). Let Ud be the uniformity on Y generated by the metric d. Taking
into account that the map f remains uniformly continuous with respect to the uniformity U±ωX , we conclude
that cov♯(f(A);Ud) ≤ cov♯(A;U
±ω
X ) ≤ ω, which implies that the set f(A) is totally bounded in the metric space
Y and hence has compact closure in Y , see [37, 8.3.17].
To prove the “only if” part, assume that cov♯(A,U±ωX ) > ω. Then we can find an entourage E ∈ U
±ω
X such
that cov(A;E) ≥ ω. Find an entourages U ∈ U±ωX such that U
−1U ⊂ E and choose a maximal subset D ⊂ A,
which is U -separated in the sense that U [x]∩U [y] = ∅ for any distinct points x, y ∈ D. By the maximality of D,
for any point x ∈ A there exists a point y ∈ D such that U [x]∩U [y] = ∅ and hence x ∈ U−1U [y] ⊂ E[y] ⊂ E[D].
So, A ⊂ E[D] and the choice of the entourage E guarantees that |D| ≥ ω. Choose an entourage V ∈ U±ωX such
that V −1V ⊂ U and observe that the family of V -balls {V [x]}x∈D is discrete in X .
By [37, 8.1.10], there exists a U±ωX -uniform pseudometric ρ : X × X → [0, 1] on X such that {(x, y) ∈
X ×X : ρ(x, y) < 1} ⊂ V . Consider the Hilbert space ℓ2(D) = {(xα)α∈D ∈ RD :
∑
α∈D |xα|
2 < ∞} endowed
with the norm ‖(xα)α∈D‖ =
√∑
α∈D |xα|
2. The family (δα)α∈D of characteristic functions δα : X → {0, 1} of
the singletons {α} ⊂ D is an orthonormal basis in ℓ2(D).
Observe that the function f : X → ℓ2(D) defined by the formula
f(x) =
{
(1− ρ(x, z)) · δz , if x ∈ V [z] for some z ∈ D,
0, otherwise
is uniformly continuous and its image f(A) ⊂ ℓ2(κ) contains the closed discrete subspace {δz}z∈D of cardinality
|D| and hence does not have compact closure in ℓ2(D). This implies that the set A is not precompact in
(X,UX). 
3.10. FUNCTIONALLY BOUNDED SUBSETS OF PREUNIFORM SPACES 29
By analogy we can prove a characterization of κ-narrow sets in preuniform spaces.
Proposition 3.9.2. A subset A of a preuniform space (X,UX) is κ-narrow for some cardinal κ if and
only if cov(X ;U±ωX ) ≤ κ.
Lemma 3.9.3. If a preuniform space (X,UX) is locally quasi-uniform and has cov(X ;UX) ≤ ω, then
C(X) = Cω(X).
Proof. Given any continuous function f : X → R, for every n ∈ ω and z ∈ X find a neighborhood
On,z ⊂ X such that diamf [On,z] < 2−n. By the local quasi-uniformity of the base B, there exists an entourage
En,z ∈ B such that E2n,z[z] ⊂ Oz . Since cov(X ;UX) ≤ ω, for every n ∈ ω there exists a countable subset
Zn ⊂ X such that X =
⋃
z∈Zn
En,z[z]. We claim that the countable family of entourages V =
⋃
n∈ω{En,z :
z ∈ Zn} witnesses that the function f is ω-continuous. Given any point x ∈ X and ε > 0, find n ∈ ω
with 2−n < ε and then find z ∈ Zn such that x ∈ En,z[z]. Then x ∈ En,z[x] ⊂ E2n,z[z] ⊂ On,z and hence
diamf(En,z [x]) ≤ diamf(E2n,z[z]) ≤ diamf [On,z] < 2
−n < ε. 
3.10. Functionally bounded subsets of preuniform spaces
A subset B of a preuniform spaceX is called functionally bounded if for every uniformly continuous function
f : X → R the set f [B] is bounded in the real line.
Proposition 3.10.1. A subset B of an ( R-universal ) preuniform space (X,UX) is functionally bounded
if (and only if) B is precompact in (X,UX).
Proof. The “if” part follows immediately from the definitions. To prove the “only if” part, assume that
the preuniform space (X,UX) is R-universal.
Assuming that a set B ⊂ X is not precompact, we could find a uniformly continuous function f : X → Y
to a complete metric space (Y, d) such that the closure of the set f(B) in Y is not compact. Then we can use
the normality of the metric space Y and construct a continuous function g : Y → R such that the set g(f(B)) is
unbounded in the real line R. It follows that the function g is ω-continuous and so is the function g◦f : X → R.
The R-universality of the preuniform space (X,UX) guarantees that the ω-continuous function g ◦ f : X → R
is uniformly continuous. Since the image g ◦ f(B) is not bounded in R, the set B is not functionally bounded
in (X,UX). 
A subset A of a topological space X is ω-Urysohn if each infinite closed discrete subset B ⊂ A of X
contains an infinite strongly discrete subset C ⊂ B of X . It is clear that each subset of an ω-Urysohn space is
ω-Urysohn.
Proposition 3.10.2. For an ω-Urysohn subset B of an R-regular R-universal preuniform space X the
following conditions are equivalent:
(1) B is functionally bounded in X;
(2) B is precompact in X;
(3) B is countably compact in X.
Proof. The equivalence (1) ⇔ (2) was proved in Proposition 3.10.1 and (3) ⇒ (1) is trivial. To prove
that (1) ⇒ (3), assume that the set B is ω-Urysohn but not countably compact in X . Then we can find a
countable infinite subset D ⊂ B that has no accumulation points in X . Using the ω-Urysohn property of B,
we can replace D by a smaller infinite subset and assume that the set D is strongly discrete in X . So, each
point x ∈ D has a neighborhood Ox ⊂ X such that the family (Ox)x∈D is discrete in X . Using the R-regularity
of the preuniform space X , for every x ∈ X we can choose a uniformly continuous function fx : X → [0, 1]
such that fx(x) = 1 and f(X \ Ox) ⊂ {0}. Choose a sequence (xn)n∈ω of pairwise distinct points in D and
observe that the function f =
∑
n∈ω n · fxn : X → R is ω-continuous and f(B) ⊃ f(D) ⊃ N is unbounded in
R. By the R-universality of X , the ω-continuous function f is uniformly continuous and hence the set B is not
functionally bounded in X . 
Corollary 3.10.3. Each functionally bounded hereditarily Lindelo¨f G¯δ-subset B of an R-regular R-
universal preuniform space X is compact.
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Proof. By Lemma 1.1.3, the set B is ω-Urysohn and by Proposition 3.10.2, B is countably compact.
Being Lindelo¨f, the countably compact space B is compact. 
In the proof of Theorem 5.7.1 we shall need the following lemma.
Lemma 3.10.4. Let X be a preuniform space and {Bn}n∈ω be a countable family of subsets of X which are
not functionally bounded in X. Then there exists an ω-continuous map f : X → R such that for every n ∈ ω
the set f(Bn) is unbounded in R.
Proof. For every n ∈ ω choose a uniformly continuous function gn : X → R such that gn(Bn) is not
bounded in R. The functions gn, n ∈ ω, compose a uniformly continuous function g : X → R
ω, g : x 7→
(gn(x))n∈ω .
Let ξ : ω → ω be a map such that for every k ∈ ω the preimage ξ−1(k) is infinite. For every n ∈ ω
choose inductively a point xn ∈ Bξ(n) such that gξ(n)(xn) ≥ 1 + max{gξ(n)(xk) : k < n}. It follows that
limn→∞ gk(xn) = +∞ for every k ∈ ω, which implies that the set D = {g(xn)}n∈ω is closed and discrete in
Rω . By the normality of the metrizable space Rω, there exists a continuous function h : Rω → R such that
h ◦ g(xn) = n for all n ∈ ω. It follows that the function f := h ◦ g : X → R is ω-continuous and for every k ∈ ω
the set f [Bk] ⊃ {f(xn) : n ∈ ξ−1(k)} = ξ−1(k) is unbounded in R. 
3.11. Completeness of preuniform spaces
In this section we discuss some completeness properties of preuniform spaces.
Definition 3.11.1. A filter F on a preuniform space X is called
• Cauchy if for any uniform pseudometric ρ on X there is a set F ∈ F such that diamρ(F ) =
sup{ρ(x, y) : x, y ∈ F} < 1;
• R-Cauchy if for any uniformly continuous function ϕ : X → R and any ε > 0 there exists F ∈ F such
diamϕ(F ) = sup{|x− y| : x, y ∈ ϕ(F )} < ε.
It is clear that each Cauchy filter F on a preuniform space X is R-Cauchy. Moreover, F is Cauchy if and
only if F is Cauchy with respect to the canonical uniformity U±ωX of X .
Definition 3.11.2. A preuniform space X is called complete (resp. R-complete) if X each Cauchy (resp.
R-Cauchy) filter F on X converges to a unique point x ∈ X in the sense that x is the unique point of the
intersection
⋂
F∈F F .
Observe that for uniform spaces our definition of the completeness coincides with the standard one, see
[37, §8.3].
Proposition 3.11.3. A preuniform space (X,UX) is complete if and only if X is R-regular and the uniform
space (X,U±ωX ) is complete.
Proof. The “if” part follows from Proposition 3.7.2. To prove the “only if” part, assume that the
preuniform space X is complete. First we prove that the canonical map δ : X → RCu(X) is injective. In the
opposite case, we could find two distinct points x, y ∈ X with common image z = δ(x) = δ(y). Consider the
filter F = {δ−1(U) : U ∈ Tz(RCu(X))} on X and observe that it is Cauchy and x, y ∈
⋂
F ⊂
⋂
F∈F F¯ , which
implies that the preuniform space X is not complete. By the injectivity of the canonical map δ, the space X
is Hausdorff.
Next, we prove that the topology τu on X , generated by the canonical uniformity U
±ω
X , coincides with the
topology of the space X . In the opposite case we can find a point x ∈ X and a neighborhood Ox of x in X ,
which is not a neighborhood of x in the topology τu. Then the filter F = {F ⊂ X : ∃U ∈ U
±ω
X U [x] \Ox ⊂ F}
is Cauchy and by the completeness of X converges to a unique point x′ ∈ X . Then injectivity of the canonical
map δ guarantees that x′ = x, which is not possible as X \ Ox ∈ F . This contradiction shows that the
topology of the Hausdorff space X is generated by the uniformity U±ωX . The the completeness of X implies the
completeness of the uniform space (X,U±ωX ). By Proposition 3.7.2, the preuniform space X is R-regular. 
Since each Cauchy filter on a preuniform space is R-Cauchy, each R-complete preuniform space is complete.
The following characterization shows that the R-completeness can be considered as a preuniform counterpart
of the Hewitt completeness of topological spaces.
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Proposition 3.11.4. A preuniform space X is R-complete if and only if the canonical map δ : X →
RCu(X), δ : x 7→ (ϕ(x))ϕ∈Cu(X), is a closed topological embedding.
Proof. If X is R-complete, then X is complete and Proposition 3.11.3, X is R-regular, which means
that the canonical map δ : X → RCu(X) is a topological embedding. Given any point y ∈ δ(X), consider the
R-Cauchy filter F = {δ−1(V ) : V ∈ Ty(R
Cu(X))} on X . By the R-completeness of X , the set
⋂
F∈F F¯ contains
some point x ∈ X . The continuity and injectivity of the map δ guarantees that y = δ(x) ∈ δ(X), witnessing
that δ(X) = δ(X) and δ : X → RCu(X) is a closed topological embedding.
Now assume conversely that the canonical map δ : X → RCu(X) is a closed topological embedding. Then
δ is a topological embedding and hence the based space X is R-regular. To show that X is R-complete, fix an
R-Cauchy filter F on X . Then its image δ(F) = {E ⊂ RCu(X) : δ−1(E) ∈ F} is a Cauchy filter in the space
RCu(X) endowed with the standard product uniformity. The completeness of the uniform space RCu(X) implies
the existence of a point y ∈
⋂
E∈δ(F) E¯ ∈ R
Cu(X). It follows that y ∈ δ(X) = δ(X) and hence y = δ(x) for
some x ∈ X . Since δ is a topological embedding, the inclusion δ(x) ∈
⋂
E∈δ(F) E¯ ⊂
⋂
F∈F δ(F ) is equivalent
to the inclusion x ∈
⋂
F∈F F , witnessing that x is a limit point of the R-Cauchy filter. The injectivity of the
canonical map δ implies that x is a unique limit point of the filter F . 
A preuniform spaceX is defined to be functionally bounded if each uniformly continuous function f : X → R
is bounded. An example of a functionally bounded uniform space is any bounded convex subset of a Banach
space. The following characterization can be easily derived from the definitions.
Proposition 3.11.5. An R-regular preuniform space X is compact if and only if it is functionally bounded
and R-complete.
Proposition 3.11.6. Let X be an R-universal ω-narrow preuniform space. Then
(1) Each R-Cauchy filter on X is Cauchy;
(2) X is complete if and only if X is R-complete.
Proof. 1. Let F be an R-Cauchy filter on X . To show that F is Cauchy, we need to prove that for
any uniform pseudometric d on X the filter F is Cauchy in the pseudometric space (X, d). The pseudometric
d induces a metric d˜ on the quotient space Y = X/∼ of X by the equivalence relation ∼ defined by x ∼ y
iff d(x, y) = 0. The ω-narrowness of the uniform space X implies the separability of the metric space Y .
Consequently, Cω(Y ) = C(Y ). By [37, 3.11.12], the metrizable separable space Y is Hewitt complete, which
means that X is complete in the smallest uniformity making all continuous functions f : Y → R uniformly
continuous. This uniformity on Y will be called the Hewitt uniformity. Let q : X → X/∼ = Y be the quotient
map and observe that for every continuous map ϕ : Y → R the function ϕ◦q : X → R is ω-continuous and hence
uniformly continuous (by the R-universality of X). Since F is an R-Cauchy filter on X and Cω(X) = Cu(X),
the image q(F) is R-Cauchy in Y and by the Hewitt completeness of Y converges to some point y ∈ Y . It
follows that for every ε > 0 the ε-ball B(y; ε) = {y′ ∈ Y : d˜(y, y′) < ε} belongs to the filter q(F). Then the set
F = q−1(B(y; ε)) ∈ F has d-diameter < 2ε, which means that the filter F is Cauchy.
2. The equivalence of the completeness and R-completeness of X follows from the equivalence of the
Cauchy and R-Cauchy properties for filters on X , which was proved in the first statement. 
Remark 3.11.7. The requirement of the R-universality of the preuniform space X is essential in Propo-
sition 3.11.6. Indeed, take any non-compact closed convex bounded subset X of a Banach space and observe
that the uniform space X is complete but not R-complete (being functionally bounded and not compact).
CHAPTER 4
Baseportators and portators
In this chapter we introduce and study so-called baseportators, which are pointed topological spaces en-
dowed with a structure that allows to transport neighborhoods of the distinguished point to neighborhoods of
an arbitrary point of the baseportator. A special kind of baseportators are portators (and netportators). Their
transport structure is determined by (finite-to-finite) functions that act on points of the space. The algebraic
structure of portators is studied in Section 4.2. Some known examples of (net)portators (like topological groups
or rectifiable spaces) are discussed in the last Section 4.3.
4.1. Baseportators
A pointed topological space is a topological space X with a distinguished point e ∈ X called the unit. For
a point x of a topological space X by Tx(X) we denote the poset of all (not necessarily open) neighborhoods
of x in X , endowed with the partial order of the reverse inclusion (U ≤ V iff V ⊂ U).
Definition 4.1.1. A baseportator is a pair (X, tX) consisting of a pointed topological space X with a
distinguished point e and an indexed family tX = (tx)x∈X of monotone cofinal functions tx : Te(X)→ Tx(X)
defined for all points x ∈ X . The family tX is called the transport structure of the baseportator (X, tX).
Sometimes we shall identify a baseportator (X, tX) with its underlying topological space X assuming that
the transport structure tX is clear from the context.
The transport structure tX of a baseportator X can be encoded by the set-valued binary operation
xV : X × Te(X)⊸ X, xV : (x, V ) 7→ xV := tx(V ),
assigning to each pair (x, V ) ∈ X × Te(X) the set tx(V ) ⊂ X denoted by xV . The binary operation xV is
called the multiplication of the baseportator X . It will be convenient to extend the operation of multiplication
letting AV :=
⋃
a∈A aV for any set A ⊂ X and any neighborhood V ∈ Te(X) of e.
Observe that a set-valued function xv : X × Te(X)⊸ X , xv : (x, V ) 7→ xV , coincides with the multipli-
cation of some baseportator on X if and only if for every x ∈ X it satisfies the following three conditions:
(1) for every V ∈ Te(X) the set xV is a neighborhood of x;
(2) for any V, U ∈ Te(X) with V ⊂ U we get xV ⊂ xU ;
(3) ∀Ox ∈ Tx(X) ∃V ∈ Te(X) xV ⊂ Ox.
For every baseportator X its multiplication xV determines another set-valued binary operation
xV−1 : X × Te(X)⊸ X, xV
−1 : (x, V ) 7→ xV −1 := {y ∈ X : x ∈ yV },
called the division operation of X .
For a subset A ⊂ X and a neighborhood V ∈ Te(X) put AV −1 :=
⋃
a∈A aV
−1.
For any neighborhood B ∈ Te(X) of the unit e of a baseportator X the set
~B = {(x, y) ∈ X ×X : y ∈ xB}
is a neighborhood assignment on X . The family
~TX = {U ⊂ X ×X : ∃B ∈ Te(X) ~B ⊂ U}
is a preuniformity on X called the canonical preuniformity of the baseportator X . The following (trivial)
proposition shows that this preuniformity is topological and generates the topology of X .
Proposition 4.1.2. For any neighborhood base B at the unit e of a baseportator X the family ~B = { ~B :
B ∈ B} is an entourage base for X and ~B is a base of the canonical preuniformity ~TX .
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Proof. The cofinality of the base B in Te(X) and the cofinality of the transport maps tx : Te(X)→ Tx(X)
imply that for every x ∈ X the family { ~B[x]}B∈B = {tx(B)}B∈B is cofinal in the poset Tx(X) and hence is a
neighborhood base for x. This means that the family of entourages ~B is a base for X . It is clear that ~B is a
base of the preuniformity ~TX . 
Definition 4.1.3. A baseportator X is called uniform (resp. quasi-uniform, locally uniform, locally quasi-
uniform, symmetrizable) if so it its canonical preuniformity ~TX . A baseportatorX is called normally preuniform
(resp. normally quasi-uniform) if its canonical preuniformity ~TX is normal (resp. normal and quasi-uniform).
In Propositions 4.1.4 and 4.1.5 we shall characterize locally (quasi-)uniform baseportators in the terms of
continuity of their multiplication and division operations.
We shall say that the multiplication xV (resp. division xV−1) of a baseportatorX is continuous at a point
(x, e) ∈ X × {e} if for any neighborhood Ox ∈ Tx(X) there are neighborhoods Ux ∈ Tx(X) and Ve ∈ Te(X)
such that UxVe ⊂ Ox (resp. UxV −1e ⊂ Ox).
Proposition 4.1.4. For a baseportator X the following conditions are equivalent:
(1) X is locally quasi-uniform;
(2) the multiplication xV is continuous at each point (x, e) ∈ X × {e}.
If (xV )V ⊂ x(V V ) for any x ∈ X and V ∈ Te(X), then the conditions (1), (2) are equivalent to each of the
following conditions:
(3) X is quasi-uniform;
(4) the multiplication xV is continuous at (e, e).
Proof. (1) ⇒ (2) Assume that the baseportator X is locally quasi-uniform. To prove that the mul-
tiplication xV is continuous at X × {e}, fix any point x ∈ X and a neighborhood Ox ∈ Tx(X) of x. We
should find neighborhoods Ux ∈ Tx(X) and Ve ∈ Te(X) such that UxVe ⊂ Ox. Since the preuniformity ~TX is
locally quasi-uniform and is generated by the base {~V : V ∈ Te(X)}, there exists a neighborhood V ∈ Te(X)
such that ~V 2[x] ⊂ Ox. Then Ux := xV = ~V [x] and Ve := V are required neighborhoods of x and e as
UxVe =
⋃
y∈Ux
yV =
⋃
y∈~V [x]
~V [y] = ~V 2[x] ⊂ Ox.
(2)⇒ (1) Now assume that the multiplication xV is continuous at X×{e}. To show that the baseportator
X is locally quasi-uniform, fix any point x ∈ X and neighborhood Ox ∈ Tx(X) of x. By the continuity of the
multiplication xV at (x, e), there exist neighborhoods Ux ∈ Tx(X) and Ve ∈ Te(X) such that UxVe ⊂ Ox. By
the cofinality of the transport map tx : Te(X) → Tx(X), there exists a neighborhood V ⊂ Ve of e such that
xV = tx(V ) ⊂ Ux. Then for the entourage ~V ∈ ~TX we get the required inclusion ~V 2[x] =
⋃
y∈~V [x]
~V [y] =⋃
y∈xV yV = (xV )V ⊂ UxVe ⊂ Ox.
It is clear that (3)⇒ (1)⇔ (2)⇒ (4). Assuming that (xV )V ⊂ x(V V ) for all x ∈ X and V ∈ τe(X), we
shall prove that (4)⇒ (3). Suppose that the multiplication xV is continuous at (e, e).
To prove that ~TX is quasi-uniform, for every neighborhood U ∈ Te(X) we should find a neighborhood
V ∈ Te(X) such that ~V
2 ⊂ ~U . By the continuity of the multiplication xV at (e, e), there exists a neighborhood
V of e such that V V ⊂ U . Then for every x ∈ X we get ~V 2[x] = (xV )V ⊂ x(V V ) ⊂ xU = ~U [x] and hence
~V 2 ⊂ ~U , which means that the preuniformity ~TX is quasi-uniform and so is the baseportator X . 
By analogy we can prove a characterization of locally uniform baseportators.
Proposition 4.1.5. For a baseportator X the following conditions are equivalent:
(1) X is locally uniform;
(2) the operations xV and xV−1 are continuous at each point (x, e) ∈ X × {e}.
If (xV )V ⊂ x(V V ) and (xV )V −1 ⊂ x(V V −1) for any x ∈ X and V ∈ Te(X), then the conditions (1),(2) are
equivalent to each of the following conditions:
(3) X is uniform;
(4) the multiplication xV and the division xV−1 are continuous at (e, e).
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4.2. Portators
In this section we study a special kind of baseportators, called portators. These are baseportatorsX whose
multiplication operation xV is generated by a suitable binary set-valued operation xy : X ×X ⊸ X . A more
precise definition follows.
Definition 4.2.1. A portator is a pair (X,xy) consisting of a pointed topological space X whose distin-
guished point e is called the unit of X , and a set-valued binary operation xy : X × X ⊸ X , xy : (x, y) 7→
xy ⊂ X , called the multiplication of X , such that for every x ∈ X the following conditions are satisfied:
• xe = {x};
• for every V ∈ Te(X) the set xV =
⋃
y∈V xy is a neighborhood of x in X ;
• ∀Ux ∈ Tx(X) ∃V ∈ Te(X) such that xV ⊂ Ux.
In this case the map tx : Te(X) → Tx(X), tx : V 7→ xV , is a well-defined monotone cofinal function between
the posets Te(X) and Tx(X) and the family (tx)x∈X turns X into a baseportator.
Sometimes we shall identify a portator (X,xy) with its underlying topological space X assuming that the
multiplication xy is clear from the context. It will be convenient to extend the multiplication operation to
subset A,B ⊂ X letting AB :=
⋃
a∈A aB =
⋃
b∈B Ab where aB :=
⋃
b∈B ab and Ab :=
⋃
a∈A ab.
The multiplication map xy of a portator X is called
• associative if x(yz) = (xy)z for all x, y, z ∈ X ;
• locally associative if there exists a neighborhood V ∈ Te(X) of e such that x(uv) = (xu)v for all x ∈ X
and u, v ∈ V .
A portator X is defined to be (locally) associative if so is its multiplication xy.
The multiplication xy of a portator X induces two binary set-valued operations
x−1y : X ×X ⊸ X, x−1y : (x, y) 7→ x−1y := {z ∈ X : y ∈ xz},
and
xy−1 : X ×X ⊸ X, xy−1 : (x, y) 7→ xy−1 := {z ∈ X : x ∈ zy},
called the left division and the right division on X , respectively.
Observe that xe−1 = {z ∈ X : x ∈ ze} = {z ∈ X : x ∈ {z}} = {x} for every x ∈ X .
The binary operations x−1y and xy−1 induce two unary set-valued operations
x−1e : X ⊸ X, x−1e : x 7→ x−1e := {z ∈ X : e ∈ xz},
and
ex−1 : X ⊸ X, ex−1 : x 7→ ex−1 := {z ∈ X : e ∈ zx},
called the left inversion and the right inversion of X , respectively.
As in case of baseportators, the canonical preuniformity ~TX on a portator (X,xy) is generated by the base
{~V : V ∈ Te(X)} consisting of the entourages ~V = {(x, y) ∈ X ×X : y ∈ xV }.
A portator X is called uniform (resp. quasi-uniform, locally uniform, locally quasi-uniform, symmetrizable)
if so it its canonical preuniformity ~TX . A portator X is called normally preuniform (resp. normally quasi-
uniform) if its canonical preuniformity ~TX is normal (resp. normal and quasi-uniform).
Proposition 4.1.4, 4.1.5 characterizing locally (quasi-)uniform baseportators imply the corresponding char-
acterizations of locally (quasi-)uniform portators via the continuity properties of the binary operations xy and
xy−1. We shall need two kinds of continuity of set-valued maps.
We shall say that a set-valued map F : X ⊸ Y between topological spaces is
• semicontinuous at a point x ∈ X if for any open set U ⊂ Y containing F (x) the set {x′ ∈ X : F (x′) ⊂
U} is a neighborhood of x in X ;
• continuous at x ∈ X if F is semicontinuous at x and for every open set U ⊂ Y with U ∩ F (x) 6= ∅
the set {x′ ∈ X : F (x′) ∩ U 6= ∅} is a neighborhood of x.
Observe that f is semicontinuous (resp. continuous) at x if and only if it is continuous as a function f :
X → P(Y ) to the power-set of Y , endowed with the topology generated by the subbase consisting of the sets
〈U〉⊂ = {Z ∈ P(X) : Z ⊂ U} (and 〈U〉∩ = {Z ⊂ X : Z ∩ U 6= ∅}) where U runs over the topology of X .
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The topology on P(Y ) generated by the subbase {〈U〉⊂, 〈U〉∩ : U is open in Y } is well-known as the Vietoris
topology on the power-set P(Y ), see [37, 2.7.20].
These continuity notions will be applied to the set-valued operations xy,xy−1,x−1y : X ×X ⊸ X .
The following characterization can be proved by analogy with Proposition 4.1.4.
Proposition 4.2.2. For a portator X the following conditions are equivalent:
(1) X is locally quasi-uniform;
(2) the multiplication xy is semicontinuous at each point (x, e) ∈ X × {e}.
If the multiplication xy is locally associative, then the conditions (1), (2) are equivalent to each of the following
conditions:
(3) X is quasi-uniform;
(4) the multiplication xy is semicontinuous at (e, e).
Proposition 4.2.3. A portator X is locally uniform if and only if the operations xy and xy−1 are semi-
continuous at each point x ∈ X.
Proof. To prove the “if” part, assume that for every x ∈ X the operations xy and xy−1 are semicontin-
uous at (x, e). To show that the preuniformity ~TX is locally uniform, take any point x ∈ X and neighborhood
Ox ∈ Tx(X). Since xe = {x} ⊂ Ox, the semicontinuity of the multiplication xy at (x, e) yields neighborhoods
Ux ∈ Tx(X) and Ue ∈ Te(X) such that UxUe ⊂ Ox. Since xe−1 = {x} ⊂ Ux, the semicontinuity of the opera-
tion xy−1 at (x, e) yields neighborhoods Vx ∈ Tx(X) and Ve ∈ Te(X) such that VxV −1e ⊂ Ux. Finally, using
the semicontinuity of the multiplication xy at (x, e), find a neighborhood V ⊂ Ve ∩Ue of e such that xV ⊂ Vx.
We claim that ~V ∓2[x] ⊂ Ux. Given any point y ∈ ~V ∓2[x], find a point z ∈ ~V [y]∩ ~V [x] = yV ∩ xV . Then there
is a point v ∈ V such that z ∈ yv and hence y ∈ zV −1 ⊂ (xV )V −1 ⊂ VxV
−1
e ⊂ Ux. So, ~V
∓2[x] ⊂ Ux and
~V ±3[x] ⊂ (~V ∓2[x])V ⊂ UxUe ⊂ Ox, witnessing that the portator X is locally uniform.
Now we prove the “only if” part. Assume that the portator X is locally uniform. By Proposition 4.2.2,
the multiplication map xy is semicontinuous at each point (x, e) ∈ X × {e}. To prove that the map xy−1 is
semicontinuous at any point (x, e) ∈ X × {e}, fix a point x ∈ X and an open set W ⊂ X containing the set
xe−1 = {x}. We need to find neighborhoods Ux ∈ Tx(X) and Ve ∈ Te(X) such that UxV
−1
e ⊂ W . Since the
preuniformity ~TX is locally uniform, there exists a neighborhood V ∈ τe(X) such that ~V ∓2[x] ⊂W . Then the
neighborhoods Ux := xV and Ve := V has the required property: UxV
−1
e =
⋃
y∈xV yV
−1 =
⋃
y∈~V [x]
~V −1[y] =
~V ∓2[x] ⊂W . 
Proposition 4.2.4. A locally associative portator X is uniform if the following conditions are satisfied:
(1) the multiplication xy is semicontinuous at each point (x, e) ∈ X ×X;
(2) the left inversion x−1e : X → X, x−1e : x 7→ x−1e, is continuous at e;
(3) e−1e = {e}.
Proof. Assume that the conditions (1)–(3) are satisfied. Since X is locally associative, there is a neigh-
borhood B ∈ Te(X) such that (xu)v = x(uv) for all x ∈ X and u, v ∈ B.
To show that the portator (X, TX) is uniform, fix any neighborhood W ∈ Te(X). We need to find a
neighborhood V ∈ Te(X) such that ~V ±3 ⊂ ~W . By (1) and Proposition 4.2.2, there exists a neighborhood
U ⊂ B of e such that ~U3 ⊂ ~W . Since e−1e = {e} ⊂ U , the continuity of the inversion x−1e at e yields a
neighborhood V ⊂ U of e such that V −1e ⊂ U and v−1e 6= ∅ for all v ∈ V . We claim that ~V ∓2[x] ⊂ ~U2[x]
for all x ∈ X . Given any point y ∈ ~V ∓2[x], find a point z ∈ ~V [y] ∩ ~V [x] = yV ∩ xV . Then z ∈ yv for some
v ∈ V ⊂ B. Choose a point u ∈ v−1e and observe that u ∈ V −1e ⊂ U ⊂ B. By the local associativity of the
multiplication, y ∈ ye ⊂ y(vu) = (yv)u = zu ⊂ ~U [~V [x]] ⊂ ~U2[x]. So, ~V ∓2[x] ⊂ ~U2[x] for all x ∈ X , which
means that ~V ∓2 ⊂ ~U2 and finally ~V ±3 = ~V ~V ∓2 ⊂ ~V ~U2 ⊂ ~U3 ⊂ ~W . 
Next, we detect symmetrizable and normally preuniform portators.
Proposition 4.2.5. A portator X is symmetrizable if for every y ∈ X the map x−1y : X ⊸ X, x 7→ x−1y,
is continuous at y and y−1y = {e}.
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Proof. Assume that for every y ∈ X the map x−1y : X ⊸ X , x 7→ x−1y, is continuous at y and
y−1y = {e}. Given any neighborhood U ⊂ X of e we need to show that the set ~U−1[y] is a neighborhood of
y in X . The assumption y−1y = {e} ⊂ U and the continuity of the map x−1y at y yields a neighborhood
V ∈ Ty(X) of y such that for every x ∈ V we get ∅ 6= x−1y ⊂ U . We claim that V ⊂ ~U−1[y]. Choose
any point x ∈ V . The choice of V guarantees that the set x−1y is not empty and hence contains some point
u ∈ x−1y ⊂ U . Then y ∈ xu ⊂ xU = ~U [x] and x ∈ ~U−1[y]. Now we see that ~U−1[y] ⊃ V is a neighborhood of
y in X . 
Proposition 4.2.6. A portator X is normally preuniform if there exists a neighborhood U0 ⊂ X of e such
that for every u ∈ U0 the map xu : X ⊸ X, xu : x 7→ xu, is continuous.
Proof. Given a set A ⊂ X and an entourage E ∈ ~TX , we should prove that A¯ ⊂ E[A]
◦
. Choose a
neighborhood U ⊂ U0 of e such that ~U ⊂ E. We claim that A¯u ⊂ Au for every u ∈ U . Given any point x ∈ A¯u
and any neighborhood B ⊂ X of e, we should prove that ~B[x] ∩ Au 6= ∅.
Since x ∈ A¯u, there exists a point y ∈ A¯ such that x ∈ yu. By the continuity of the map xu at the point
y, there exists a neighborhood Oy ⊂ X such that Oyu ⊂ ~B[yu] = ~B[x] = xB. Moreover, since the set yu ∋ x
is not empty, we can additionally assume that au 6= ∅ for any point a ∈ Oy . By the definition of a portator,
there exists a neighborhood V ⊂ B ∩ U ⊂ U0 of e such that yV ⊂ Oy . Since yV is a neighborhood of the
point y ∈ A¯, there is a point a ∈ yV ∩ A ⊂ Oy. It follows that au 6= ∅ and a ∈ yv for some v ∈ V . Then
au ⊂ (yv)u ⊂ (yV )u ⊂ Oyu ⊂ ~B[yu] = ~B[x] and ∅ 6= au ⊂ ~B[x] ∩ Au, which implies x ∈ Au, A¯u ⊂ Au ⊂ AU ,
and finally A¯U ⊂ AU . Taking into account that AU = ~U [A] ⊂ E[A] and A¯U is a neighborhood of the set A¯ in
X , we conclude that A¯ ⊂ AU
◦
⊂ E[A]
◦
. 
Propositions 4.2.2, 4.2.6, 3.2.4 imply the following corollary detecting normally quasi-uniform portators.
Corollary 4.2.7. Assume that a locally associative portator X has a neighborhood U0 of the unit e such
that for every u ∈ U0 the set-valued map xu : X ⊸ X, xu : x 7→ xu, is continuous. If the multiplication xy is
semicontinuous at (e, e), then the portator X has the following properties:
(1) X is normally quasi-uniform;
(2) For any A ⊂ X and U ∈ Te(X) there exists a continuous function f : X → [0, 1] such that
A ⊂ f−1(0) ⊂ f−1
[
[0, 1)
]
⊂ AU
◦
;
(3) X is Hausdorff (at a point x ∈ X) iff X is semi-Hausdorff (at x) iff X is functionally Hausdorff (at
x);
(4) X is regular (at a point x ∈ X) iff X is semi-regular (at x) iff X is completely regular (at x).
In Chapter 5 we shall need special kinds of portators called netportators.
Definition 4.2.8. A portator X is called a netportator if for every x, y ∈ X the sets xy, x−1y are finite.
4.3. Some examples of netportators
In this section we define several types of netportators generalizing some well-known structures of Topolog-
ical Algebra (see e.g. [7, §1.2]). A portator X will be called faithful if x−1x = {e} for all x ∈ X .
Definition 4.3.1. A faithful portator X with multiplication xy is called
• left-topological if for every x ∈ X the map x−1y : X ⊸ X , x−1y : y 7→ x−1y, is continuous;
• right-topological if for every y ∈ X the right shift xy : X ⊸ X , xy : x 7→ xy, is continuous;
• semi-topological if X is both left-topological and right-topological;
• a quasi-topological if semi-topological and for every y ∈ Y the operation x−1y : X → X , x−1y : x 7→
x−1y, is continuous;
• para-topological if the multiplication xy is continuous;
• leftpara-topological if X is both left-topological and para-topological;
• quasipara-topological if X is both quasi-topological and para-topological;
• invpara-topological if X is para-topological and the left inversion x−1e : X ⊸ X , x−1e : x 7→ x−1e is
continuous;
• divpara-topological if X and the multiplication xy and the left division x−1y are continuous;
• paradiv-topological if X and the multiplication xy and the right division xy−1 are continuous;
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• topological if the operations xy, xy−1, x−1y are continuous.
Definition 4.3.1 and Propositions 4.2.2 – 4.2.6 imply the following corollary.
Corollary 4.3.2.
(1) Each right-topological portator is normally preuniform.
(2) Each quasi-topological portator is symmetrizable.
(3) Each para-topological portator is locally quasi-uniform.
(4) Each quasipara-topological portator is symmetrizable and locally quasi-uniform.
(5) Each paradiv-topological portator is locally uniform.
(6) Each locally associative para-topological portator is normally quasi-uniform.
(7) Each locally associative invpara-topological portator is uniform.
Thus for every faithful portator the following implications hold:
locally uniform paradiv-topological
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Now we recall the definitions of some well-known objects of Topological Algebra.
Definition 4.3.3. A pointed topological space X with a distinguished point e ∈ X and a binary operation
xy : X ×X → X , xy : (x, y) 7→ xy, is called
(1) unital if xe = x = ex for all x ∈ X ;
(2) a topological loop if X is unital and the maps X ×X → X ×X ×X , (x, y) 7→ (x, xy), and X ×X →
X ×X , (x, y) 7→ (xy, y), are homeomorphisms;
(3) a topological lop if X is unital and the map X ×X → X ×X , (x, y) 7→ (x, xy), is a homeomorphism;
(4) a left-topological lop if X is unital and for every x ∈ X the left shift X → X , y 7→ xy, is a homeomor-
phism of X ;
(5) a semitopological lop if X is a left-topological lop and for every y ∈ X the right shift X → X , x 7→ xy,
is continuous;
(6) a paratopological lop if X is a left-topological lop with continuous multiplication xy;
(7) a topological group if X is a topological lop with associative multiplication xy;
(8) a paratopological group if X is a paratopological lop with associative multiplication xy.
More information on (para)topological groups can be found in [7] and on topological loops and topological
lops can be found in [58], [57], [17], [8].
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Corollary 4.3.2 implies the following diagram.
uniform +3
normally
quasi-uniform
associative
parainv-topological
netportator
KS
+3
associative
para-topological
netportator
KS
topological group +3
KS

paratopological group
KS

topological loop

+3 topological lop

+3 paratopological lop +3

semitopological lop

topological
netportator
+3

divpara-topological
netportator
+3

para-topological
netportator
+3

right-topological
netportator

locally
uniform
+3 symmetrizable
locally quasi-uniform
+3 locally
quasi-uniform
normally
preuniform
Example 4.3.4. The real line R endowed with the multiplication xy : R×R→ R, xy : (x, y) 7→ x+(x2+1)y,
is a topological lop, which is not locally uniform (because the right division map xy−1 is not continuous at
(0, 0)).
A topological space X is called rectifiable if for some point e ∈ X there is a homeomorphism h : X ×X →
X ×X such that h(x, e) = (x, x) and h[{x} ×X ] = {x} ×X for all x ∈ X . By [17, 3.2], a topological space
is rectifiable if and only if it is homeomorphic to a topological lop. Rectifiable spaces were introduced by
Arhangelskii [5] and studied by A.Gulko [51]. In particular, Gul’ko proved that a rectifiable space is metrizable
if and only if it is a first-countable T0-space. Since each topological lop is a quasipara-topological portator, this
theorem of Gul’ko can be deduced from the following metrization theorem for quasipara-topological portators.
Theorem 4.3.5. A quasipara-topological portator X is metrizable if and only if X is a first-countable
T0-space.
Proof. The “only if” part is trivial. To prove the “if” part, assume that X is a first-countable T0-space.
Fix a countable neighborhood base B at the unit e of X . Then ~B = { ~B : B ∈ B} is a countable entourage
base for X . By Corollary 4.3.2(2), this base is symmetrizable and locally quasi-uniform. Then the family
{ ~B ∩ ~B−1 : B ∈ B} is a countable symmetric locally unform base for X . By Theorem 3.5.4, the space X is
metrizable. 
CHAPTER 5
Countable netbases for topological spaces
In this chapter we introduce the notion of a netbase on a topological space and study properties of topo-
logical spaces possessing certain special netbases.
5.1. Netbases on topological spaces
We recall that a family B of entourages on a topological space X is called an entourage base for X if (i) for
any entourages B1, B2 ∈ B there exists an entourage B3 ∈ B such that B3 ⊂ B1 ∩B2 and (ii) for every x ∈ X
the family B[x] = {B[x] : B ∈ B} is a neighborhood base at x in the topological space X .
Also recall that a family N of subsets of a topological space X is a C∗-network at a point x ∈ X for some
family C of subsets of X if for any neighborhood Ox ⊂ X of x and any set C ∈ C accumulating at x there
exists a set N ∈ N such that x ∈ N ⊂ Ox and N ∩ C is infinite.
Definition 5.1.1. Let C be a family of subsets of a topological space. A C∗-netbase for a topological space
X is a pair (N ,B) consisting of a family N of entourages on X and an entourage base B for X such that for
every entourage B ∈ B the family {N [x] : N ∈ N , N ⊂ B} is a C∗-network at x.
A C∗-netbase (N ,B) is called
• countable if so is the family N ;
• uniform (resp. quasi-uniform, locally uniform, locally quasi-uniform) if so is the entourage base B.
Now we describe an interplay between netbases and networks.
Proposition 5.1.2. Let C be a family of subsets in a topological space X.
(1) If (N ,B) is a C∗-netbase for X, then for every x ∈ X the family N [x] = {N [x] : N ∈ N} is a
C∗-network at x.
(2) If N is a C∗-network for X, then for the family EN = {(N ×N) ∪∆X : N ∈ N} and for any locally
uniform base B for X the pair (EN ,B
±2) is a locally uniform C∗-netbase for X.
Proof. The first statement follows immediately from Definition 5.1.1.
To prove the second statement, fix an C∗-network N for X and a locally uniform base B for X . By
Proposition 3.4.3(2), the family B±2 = {B±2 : B ∈ B} is a locally uniform base for X . Consider the family
EN = {(N ×N)∪∆X : N ∈ N}. To show that the pair (EN ,B±2) is a C∗-netbase for X , we need to check that
for any entourage B ∈ B and any x ∈ X the family {E[x] : E ∈ EN , E ⊂ B±2} is a C∗-network at x. Given
any neighborhood Ox ⊂ X of x and a set C ∈ C accumulating at x, we need to find an entourage E ∈ E such
that E ⊂ B±2, E[x] ⊂ Ox and E[x] ∩ C is infinite.
Since B is a locally uniform base for X , there exist an entourage V ∈ B such that V ⊂ B and V ±2[x] ⊂ Ox.
By definition, the C∗-network N contains a set N ∈ N such that x ∈ N ⊂ V [x] and N ∩ C is infinite. It
follows that the entourage E = (N ×N)∪∆X belongs to EN and E[x] = N ⊂ V [x] ⊂ V ±2[x] ⊂ Ox. It follows
that the intersection E[x] ∩ C = N ∩ C is infinite, and for every points y, z ∈ N ⊂ V [x] we get z ∈ V [x] and
hence (y, z) ∈ V [V −1[z]] ⊂ B±2[z]. So, E = (N ×N) ∪∆X ⊂ B±2, which completes the proof. 
We shall also need a weaker “point-free” modification of a C∗-netbase.
Definition 5.1.3. Let C be a family of subsets of a topological space X . A C∗∗-netbase for X is a pair
(E ,B) consisting of a family E of entourages on X and a base B for X such that for any entourage B ∈ B and
any set C ∈ C accumulating at some point of X , the family E contains an entourage E ⊂ B such that the
intersection E[x] ∩ C is infinite for some point x ∈ X .
A C∗∗-netbase (E ,B) is countable if so is the family E and locally (quasi-)uniform if so is the entourage base
B.
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For any family C of subsets of a regular space X we get the following implications:
X has a countable C∗-network

X has a countable
locally uniform C∗-netbase
+3

X has a countable
locally uniform C∗∗-netbase

X has a countable
locally quasi-uniform C∗-netbase

+3 X has a countable
locally quasi-uniform C∗∗-netbase

X has a countable C∗-netbase

+3 X has a countable C∗∗-netbase
X has a countable C∗-network at each point.
Next we study netbases for subspaces of topological spaces. For a subspace Z of a topological space
X and a family C of subsets of X put CZ = {C ∈ C : C ⊂ Z}. For a family E of entourages on X let
E|Z := {(Z × Z) ∩ E : E ∈ E} be the induced family of entourages on Z. Also put E±2 := {E±2 : E ∈ E}.
Proposition 5.1.4. Let Z be a subspace of a topological space X and C be a family of subsets of X.
(1) If (E ,B) is a C∗-netbase for X, then (E|Z ,B|Z) is a C
∗
Z-netbase for the space Z.
(2) If (E ,B) is a locally uniform C∗∗-netbase for X, then (E±2|Z ,B±2|Z) is a locally uniform C∗∗Z -netbase
for the space Z.
Proof. The first statement follows from the definition of a netbase.
To prove the second statement, assume that (E ,B) is a locally uniform C∗∗-netbase. Proposition 3.4.3
implies that B±2 is a locally uniform base for X and hence B±2|Z is a locally uniform base for Z. To prove that
(E±2|Z ,B±2|Z) is a C∗∗Z -netbase for Z, it suffices for every set C ∈ CZ accumulating at some point of Z and
every entourage B ∈ B to find an entourage E ∈ E and a point z ∈ Z such that E ⊂ B and the set E±2[z]∩C
is infinite. Since (E ,B) is a C∗∗-netbase, there exists an entourage E ∈ E and a point x ∈ X such that E ⊂ B
and the set E[x] ∩ C is infinite. Choose any point z ∈ E[x] ∩ C and observe that x ∈ E−1[z] and hence the
intersection E±2[z] ∩ C ⊃ E[x] ∩ C is infinite. 
In the role of the family C we shall consider the following four families of subsets of a topological space X :
• the family p of all subsets of X ;
• the family s of all countable subsets of X ;
• the family cs of convergent sequences in X ;
• the family cs of countable sets with countably compact closure in X .
For any pair (E ,B) of families of entourages on a Hausdorff space we get the following implications:
p∗-netbase +3

s∗-netbase +3

cs∗-netbase +3

cs∗-netbase

p∗∗-netbase +3 s∗∗-netbase +3 cs∗∗-netbase +3 cs∗∗-netbase.
Under some conditions on a topological space X the horizontal arrows can be reversed. For an entourage
E ⊂ X × X on a topological space X let E¯ =
⋃
x∈X{x} × E[x]. For a family E of entourages on X let
E¯±2 := {E¯±2 : E ∈ E} and E∓4 = {E∓4 : E ∈ E}.
Proposition 5.1.5. Let X be a topological space.
(1) If (E ,B) is a locally uniform cs∗∗-netbase for X, then (E¯±2,B∓4) is a locally uniform cs∗-netbase for
X.
(2) If each countably compact closed subspace of X is sequentially compact, then each cs∗∗-netbase for X
is a cs∗∗-netbase for X.
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(3) If the space X is countably tight, then each s∗-netbase for X is a p∗-netbase for X and each s∗∗-netbase
for X is a p∗∗-netbase for X.
(4) If the space X is countably compact, then each cs∗-netbase (resp. cs∗∗-netbase) for X is an s∗-netbase
(resp. s∗∗-netbase) for X.
Proof. 1. Let (E ,B) be a locally uniform cs∗∗-netbase for the space X . Proposition 3.4.3 implies that
B∓4 is a locally uniform base for X . To show that (E¯±2,B∓4) is a cs∗-netbase for X , we need to prove that for
every x ∈ X and B ∈ B the family N = {E[x] : E ∈ E¯±2, E ⊂ B∓4} is a cs∗-network at x.
Given a neighborhood Ox ⊂ X of x and a sequence S ⊂ X convergent to a point x, we need to find a
set N ∈ N such that x ∈ N ⊂ Ox and N has infinite intersection with S. By Proposition 3.4.3, the locally
uniform base B contain an entourage U ⊂ B such that U∓4[x] ⊂ Ox. Since (E ,B) is a cs∗∗-netbase for X , the
family E contains an entourage E ⊂ U such that for some point z ∈ X the intersection E[z] ∩ S is infinite.
Then x ∈ E[z] ∩ S ⊂ E¯[z] and z ∈ E¯−1[x]. It follows that the entourage E¯±2 belongs to the family E¯±2
and the set E¯±2[x] ∩ S ⊃ E[E¯−1[x]] ∩ S ⊃ E[z] ∩ S is infinite. Observe that for every point y ∈ X we
get E¯[y] ⊂ U¯ [y] ⊂ U∓2[y]. Consequently, E¯ ⊂ U∓2 and E¯±2 ⊂ U∓4 ⊂ B∓4, which implies that the ball
N := E¯±2[x] belongs to the family N . Observing that x ∈ N [x] ⊂ U∓4[x] ⊂ Ox and N ∩ S ⊃ E[z] ∩ S is
infinite, we complete the proof of the first statement.
The statements (2)–(4) easily follow from the corresponding definitions. 
5.2. Characterizing first-countable spaces
In this section we characterize first-countable spaces in terms of bases and netbases.
Proposition 5.2.1. A topological space X is first-countable if and only if it has a countable entourage
base.
Proof. The “if” part is trivially follows from the definition of an entourage base. To prove the “only if”
part, assume that the space X is first-countable. At each point x ∈ X fix a decreasing neighborhood base
(Bn[x])n∈ω , and for every n ∈ ω consider the entourage Bn =
⋃
x∈X{x} ×Bn[x]. It follows that the countable
family B = {Bn : n ∈ ω} is an entourage base for X . 
In the following theorem we use locally uniform netbases to detect first-countable spaces.
Theorem 5.2.2. If a topological space X has a countable locally uniform cs∗∗-netbase, then X is first-
countable at a point x ∈ X if and only if X is a q-space at x.
Proof. The “only if” part is trivial. To prove the “if” part, assume that X is a q-space at x. Let (E ,B) be
a countable locally uniform cs∗∗-netbase. Without lost of generality, we can assume that the family E is closed
under finite unions. By Proposition 3.5.7, the space X is regular. Then we can find a decreasing sequence
(Vn)n∈ω of open neighborhoods of x such that each sequence (xn)n∈ω ∈
∏
n∈ω V¯n accumulates at some point
of X .
For every k ∈ ω and E ∈ E choose a subset Dk,E ⊂ Vk of smallest possible cardinality such that Vk ⊂
E±2[Dk,E ].
Claim 5.2.3. For every entourage B ∈ B there exists k ∈ ω and E ∈ E such that E ⊂ B and the set Dk,E
is finite.
Proof. Since the family EB := {E ∈ E : E ⊂ B} is countable and closed under finite unions, there exists
an increasing sequence of entourages {Ek}k∈ω ⊂ EB such that every entourage E ∈ EB is contained in some
Ek. To derive a contradiction, assume that for every k ∈ ω and E ∈ EB the set Dk,E is infinite. Then we
can inductively choose a sequence of points (xk)k∈ω such that xk ∈ Vk \
⋃
i<k E
±2
k [xi] for all k ∈ ω. The
choice of the sequence (Vk)k∈ω guarantees that the set {xk}k∈ω is countably compact in X and the intersection
K =
⋂
k∈ω V¯k is a closed countably compact subset of X .
By the regularity of X , for any x ∈ X the closure {x} of the singleton {x} ⊂ X is contained in any
neighborhood of x. This implies that for every k ∈ ω the closure {xk} of the singleton {xk} is compact and
the set F = K ∪
⋃
k∈ω {xk} is countably compact in X . We claim that the set F is closed in X . Given
any point x ∈ X \ F ⊂ X \ K, find k ∈ ω such that z /∈ V¯k and observe that the open neighborhood
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Oz = X \ (V¯k ∪
⋃
i<k {xi}) of x does not intersect the set F , which implies that the countably compact set F
is closed in X . Since {xk}k∈ω ⊂ F , the closure of the set {xk}k∈ω in X is countably compact.
Since (E ,B) is a cs∗∗-netbase, there exists an entourage E ∈ EB such that for some point x ∈ X the E-ball
E[x] contains infinitely many points xk, k ∈ ω. Choose a number k ∈ ω such that E ⊂ Ek and then choose
numbers m > n > k such that xn, xm ∈ E[x] ⊂ Ek[x]. Then
x ∈ E−1k [xn] ∩ E
−1
k [xm] ⊂ E
−1
m [xn] ∩ E
−1
m [xm]
and hence xm ∈ E
±2
m [xn], which contradicts the choice of the point xm. 
Now for every k ∈ ω and E ∈ E we shall construct an open neighborhood Wk,E of x in the following way.
If the set Dk,E is infinite, then put Wk,E = Vk. If Dk,E is finite, then put
Wk,E = Vk \
⋃{
E±2[z] : z ∈ Dk,E , x /∈ E±2[z]
}
.
We claim that {Wk,E : k ∈ ω, E ∈ E} is a countable neighborhood base at x. Given a neighborhood
Ox ⊂ X of x, we should find k ∈ ω and E ∈ E such that Wk,E ⊂ Ox. By Proposition 3.4.3, there exists an
entourage B ∈ B such that B±5[x] ⊂ Ox. By Claim 5.2.3, there exist k ∈ ω and E ∈ EB such that the set Dk,E
is finite. We claim that Wk,E ⊂ Ox. Given any point y ∈Wk,E ⊂ Vk ⊂ E±2[Dk,E ], find a point z ∈ Dk,E such
that y ∈ E±2[z]. The definition of the set Wk,E ∋ y guarantees that x ∈ E±2[z] ⊂ B±2[z] ⊂ B∓3[z] and hence
z ∈ B±3[x]. Finally, y ∈ E±2[z] ⊂ B±2[z] ⊂ B±2B±3[x] = B±5[x] ⊂ Ox. 
5.3. Countable locally uniform netbases in w∆-spaces
We recall that a topological space X is a w∆-space if X is a regular T0-space admitting a sequence (Vn)n∈ω
of open covers such that for every point x ∈ X every sequence (xn)n∈ω ∈
∏
n∈ω St(x;Vn) accumulates at some
point of X .
Theorem 5.3.1. If X is a w∆-space with a countable locally uniform cs∗∗-netbase, then X is first-countable
and has a Gδ-diagonal.
Proof. Let (E ,B) be a countable locally uniform cs∗∗-netbase for X . We lose no generality assuming that
the family E is closed under finite unions.
Since X is a w∆-space, there exists a sequence (Vn)n∈ω of open covers of X such that for every x ∈ X ,
any sequence (xn)n∈ω ∈
∏
n∈ω St(x,Vn) has an accumulation point in X . This implies that X is a q-space and
by Theorem 5.2.2, the space X is first countable.
For every k ∈ ω and E ∈ E we shall construct an open cover Wk,E = {Wk,E,x : x ∈ X} of X in the
following way. For every x ∈ X choose a set Vk,x ∈ Vk containing x. Let Dk,E,x ⊂ X be a subset of smallest
possible cardinality such that Vk,x ⊂ E±2[Dk,E,x]. If Dk,E,x is infinite, then put Wk,E,x := Vk,x. If Dk,E,x is
finite, then put
Wk,E,x := Vk,x \
⋃{
E±2[z] : z ∈ Dk,E,x, x /∈ E±2[z]
}
.
Finally, consider the open cover Wk,E = {Wk,E,x : k ∈ ω, E ∈ E , x ∈ X} of X .
Claim 5.3.2. For every x ∈ X we get the equality
{x} =
⋂
(k,E)∈ω×E
St(x;Wk,E).
Proof. Assume that the intersection in the claim contains some point y 6= x. By the T1-property of X
and Proposition 3.4.3, there is U ∈ U such that x /∈ U∓5[y]. Using the first-countability of X and repeating
the argument of Claim 5.2.3, we can prove that there are k ∈ ω, E ∈ E , and a finite subset D ⊂ X such that
E ⊂ U and St(x;Vk) ⊂ E±2[D].
By our assumption, y ∈ St(x;Wk,E). Then we can find a point z ∈ X such that {x, y} ⊂Wk,E,z ⊂ Vk,z ⊂
St(x;Vk). It follows that |Dk,E,z| ≤ |D| < ω and hence y ∈ E
±2[s] for some s ∈ Dk,E,z. We claim that
x /∈ E±2[s]. In the opposite case x ∈ E±2[s] ⊂ U±2[s] ⊂ U∓3[s] ⊂ U∓3[E±2[y]] = U∓5[y], which contradicts
the choice of the entourage U . 
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Now consider the countable family {Wk,E}(k,E)∈ω×E of open covers of X and observe that Claim 5.3.2
implies that
∆X =
⋂
(k,E)∈ω×E
⋃
{W ×W : W ∈ Wk,E},
which means that X has a Gδ-diagonal. 
5.4. Countable locally uniform netbases in Σ-spaces
The main result of this section is the following theorem.
Theorem 5.4.1. Each Σ-space with a countable locally uniform cs∗∗-netbase is a σ-space.
Proof. Let F be a σ-discrete C-network for some cover C of X by non-empty closed countably compact
subspaces. Without loss of generality we can assume that the family F is closed under finite intersections.
Let (E ,B) be a countable locally uniform cs∗∗-netbase for X . Without loss of generality, the family E is
closed under finite unions. For every entourage B ∈ B let EB := {E ∈ E : E ⊂ B}.
For every entourage E ∈ E and set F ∈ F , fix a subset DE,F ⊂ F of smallest possible cardinality such
that F ⊂ E±2[DE,F ].
Claim 5.4.2. For any set C ∈ C and entourage B ∈ B there exist an entourage E ∈ EB and a set F ∈ F
such that C ⊂ F and the set DE,F is finite.
Proof. Taking into account that the family EB is countable and closed under finite unions, we can choose
an increasing sequence of entourages {Ek}k∈ω ⊂ EB such that each E ∈ EB is contained in some Ek.
The σ-discreteness of F implies that the family F(C) = {F ∈ F : C ⊂ F} is countable and not empty.
So, we can enumerate it as {Fn}n∈ω. Since F is closed under finite intersections, for every n ∈ ω the set
Fˆn =
⋂
k≤n Fk belongs to the family F(C). It is standard to show that
⋂
n∈ω Fˆn = C.
We claim that for some k ∈ ω the set DEk,Fˆk is finite. In the opposite case we can inductively choose a
sequence (xk)k∈ω of points such that xk ∈ Fˆk \
⋃
i<k E
±2
k [xi] for all k ∈ ω.
Claim 5.4.3. The set C¨ = C ∪ {xk}k∈ω is closed and countably compact in X.
Proof. To see that the set C¨ is closed, take any point x ∈ X \ C¨. Since
⋂
k∈ω Fˆk = C ⊂ C¨, there is k ∈ ω
such that x /∈ Fˆk. Then Ox = X \ (Fˆk ∪ {xi}i<k) is an open neighborhood of Ox, disjoint with the set C¨. So,
the set C¨ is closed in X . Assuming that this set is not countably compact and taking into account that the set
C is countable compact, we can find an increasing number sequence (ki)i∈ω such that the subsequence (xki )i∈ω
is not contained in C and has no accumulation points in X . This implies that the set {xki}i∈ω is closed in X
and hence X \ {xki}i∈ω is an open neighborhood of C in X . It follows that the family F(C) contains a set
F ∈ F(C) which is disjoint with the closed set {xki}i∈ω. Find k ∈ ω such that F = Fk and choose a number
i ∈ ω with ki > k. Then xki ∈ Fˆki ⊂ Fk ⊂ X \ {xki} and this is a desired contradiction, showing that the set
C¨ is countably compact. 
Claim 5.4.3 implies that the set {xk}k∈ω has countably compact closure in X . Since (E ,B) is a cs
∗∗-netbase,
there exists an entourage E ⊂ U such that for some point x ∈ X the E-ball E[x] contains infinitely many
points of the sequence (xk)k∈ω . Find a number k ∈ ω with E ⊂ Ek and then choose two numbers m > n > k
such that xm, xn ∈ E[x] ⊂ Ek[x]. Then xm ∈ Ek[x] ⊂ Ek[E
−1
k [xn]] = E
±2
k [xn], which contradicts the choice of
the point xm. This contradiction completes the proof of Claim 5.4.2. 
Write the σ-discrete family F as the countable union
⋃
i∈ω Fi of discrete families Fi in X . For every i ∈ ω
and E ∈ E consider the subfamily Fi,E = {F ∈ Fi : |DE,F | < ω} ⊂ Fi. For every i ∈ ω, E ∈ E , F ∈ Fi,E , and
x ∈ DE,F consider the set Ni,E,F,x = E±2[x] ∩ F . Observe that the family Ni,E,F = {Ni,E,F,x : x ∈ DE,F} is
finite, the family Ni,E =
⋃
F∈Fi,E
Ni,E,F is σ-discrete, and so is the family N =
⋃
i∈ω
⋃
E∈E Ni,E .
It remains to prove that the family N is a network for X . Given a point x ∈ X and a neighborhood
Ox ⊂ X of x, apply Proposition 3.4.3 to find an entourage B ∈ B such that B±4[x] ⊂ Ox. Find a set C ∈ C
such that x ∈ C. By Claim 5.4.2, there is a set F ∈ F(C) and an entourage E ∈ E such that E ⊂ B and the
set DE,F is finite. Then x ∈ F ⊂ E±2[DE,F ] and hence x ∈ E±2[z]∩F ∈ N for some z ∈ DE,F . It follows that
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z ∈ E±2[x] ⊂ B±2[x] and hence x ∈ E±2[z] ∩ F ⊂ B±2[z] ⊂ B±4[x] ⊂ Ox, witnessing that N is a σ-discrete
network for X and X is a σ-space. 
5.5. Countable locally quasi-uniform netbases in strong σ-spaces
A regular T0-space X is called a strong σ-space if X has a network N that can be written as the countable
union N =
⋃
i∈ωNi of strongly discrete families Ni, i ∈ ω, in X . Since each discrete family of subsets in a
collectionwise normal space is strongly discrete and a σ-space is paracompact if and only if its is collectionwise
normal [50, p.446], we get the implications:
paracompact σ-space ⇔ collectionwise normal σ-space ⇒ strong σ-space ⇒ σ-space.
A family C of subsets of a topological space X is called hereditary if for any set C ∈ C accumulating at a
point x ∈ X and for any neighborhood Ox ⊂ X of x there exists a set C′ ∈ C such that C′ ⊂ C ∩ Ox and C′
accumulates at x.
Theorem 5.5.1. Let C be a hereditary family of subsets in a strong σ-space X. If X has a countable locally
quasi-uniform C∗-netbase, then X has a σ-discrete C∗-network.
Proof. Let (E ,B) be a countable locally quasi-uniform C∗-netbase for X . Let F be a strongly σ-discrete
network for X . Write F as the countable union F =
⋃
i∈ω Fi of strongly discrete families Fi in X . For every
i ∈ ω and F ∈ Fi choose an open neighborhood OF ⊂ X such that the family (OF )F∈Fi is discrete in X .
It follows that for every E ∈ E the family Fi,E = {OF ∩ E[F ] : F ∈ Fi} is discrete in X and the family
N =
⋃
i∈ω
⋃
E∈E Fi,E is σ-discrete. We claim that this family is a C
∗-network for X .
Given a point x ∈ X , a neighborhood Ox ⊂ X of x, and a set C ∈ C accumulating at x, we need to find
a set N ∈ N such that x ∈ N ⊂ Ox and N ∩ C is infinite. Being locally quasi-uniform, the base B contains
an entourage B such that B2[x] ⊂ Ox. The network F contains a set F ∈ F such that x ∈ F ⊂ B[x]. Find
i ∈ ω such that F ∈ Fi. The family C, being hereditary, contains a set C′ ⊂ C ∩OF accumulating at x. Since
(E ,B) is a C∗-netbase, the family E contains an entourage E ⊂ B such that E[x] ∩ C′ is infinite. Then the set
OF ∩ E[F ] ∈ Fi,E has infinite intersection (OF ∩ E[F ]) ∩ C ⊃ E[x] ∩ (OF ∩ C) ⊃ E[x] ∩ C′ with the set C.
Finally, we observe that x ∈ F ⊂ E[F ] ⊂ B[B[x]] ⊂ Ox. 
Corollary 5.5.2. Each collectionwise normal Σ-space X with a locally uniform cs∗∗-netbase is a para-
compact ℵ-space.
Proof. By Theorem 5.4.1, the Σ-space X is a σ-space. By [50, p.446], the collectionwise normal σ-space
X is paracompact and hence is a strong σ-space. By Proposition 5.1.5, X has a countable locally uniform
cs∗-netbase. By Theorem 5.5.1, the strong σ-space X has a σ-discrete cs∗-network and hence is an ℵ-space. 
Corollary 5.5.3. Let C be a hereditary family of subsets of a regular T0-space X. The following conditions
are equivalent:
(1) X has a countable C∗-network;
(2) X is cosmic and has a countable locally uniform C∗-netbase;
(3) X is cosmic and has a countable locally quasi-uniform C∗-netbase.
Proof. The implication (1) ⇒ (2) follows from Propositions 5.1.2(2), 3.5.5, and (2) ⇒ (3) is trivial. To
prove that (3)⇒ (1), assume that the space X is cosmic and has a countable locally quasi-uniform C∗-netbase.
Being cosmic, the space X is collectionwise normal and hence is a strong σ-space. By Theorems 5.5.1, the space
X has a σ-discrete C∗-network N . Since the space X is Lindelo¨f, the σ-discrete C∗-network N is countable. 
The following theorem characterizes ℵ0-spaces , i.e., regular T0-spaces with a countable cs∗-network.
Theorem 5.5.4. For a topological space X the following conditions are equivalent:
(1) X is an ℵ0-space;
(2) X is cosmic and has a countable locally uniform cs∗-netbase;
(3) X is cosmic and has a countable locally quasi-uniform cs∗-netbase;
(4) X is cosmic and has a countable locally uniform cs∗∗-netbase;
(5) X is cosmic and has a countable locally uniform cs∗-netbase;
(6) X is a Σ-space with countable extent and a countable locally uniform cs∗∗-netbase.
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The equivalent conditions (1)–(6) imply the conditions
(7) X is cosmic and has a countable cs∗-netbase.
Proof. The equivalences (1)⇔ (2)⇔ (3) follow from Corollary 5.5.3 applied to the family cs of convergent
sequences in X . The equivalence (2) ⇔ (4) was proved in Proposition 5.1.5(1). The implication (5) ⇒ (2) is
trivial and (2)⇒ (5) follows from the (sequential) compactness of closures of countably compact sets in cosmic
spaces. The implication (5) ⇒ (6) is trivial and (6) ⇒ (4) follows from Theorem 5.4.1. The final implication
(2)⇒ (7) is trivial. 
Remark 5.5.5. The condition (7) of Theorem 5.5.4 is not equivalent to the conditions (1)–(6): according
to [11, 4.6], there exists a first-countable cosmic space X which fails to be an ℵ0-space. By Proposition 5.2.1,
the first-countable space X has a countable entourage base B. Then the pair (B,B) is a countable cs∗-netbase
for X .
5.6. Characterizing metrizability via netbases
In this section we characterize metrizable spaces using countable locally uniform netbases. The character-
ization involves the notion of a closed-G¯δ space.
A subset F of a topological space X is called a G¯δ-set if F =
⋂
n∈ωWn =
⋂
n∈ωWn for some sequence
(Wn)n∈ω of open sets in X . It is easy to see that a subset F of a (perfectly normal) space is a G¯δ-set (if and)
only if F a closed Gδ-set.
A topological space X is defined to be a closed-G¯δ space if each closed subset of X is a G¯δ-set in X . It is
clear that a normal space X is closed-G¯δ if and only if each closed subset of X is of type Gδ.
The main result of this section is the following characterization.
Theorem 5.6.1. For a T0-space X the following conditions are equivalent:
(1) X is metrizable;
(2) X is a first-countable closed-G¯δ space with a countable locally uniform cs
∗-netbase;
(3) X is a first-countable strong σ-space with a countable locally quasi-uniform cs∗-netbase;
(4) X is a first-countable collectionwise normal Σ-space with a countable locally uniform cs∗-netbase;
(5) X is an M -space with a countable locally uniform cs∗∗-netbase;
(6) X is a q-space, a collectionwise normal Σ-space, and X has a countable locally uniform cs∗∗-netbase.
Proof. The implications (1) ⇒ (i) for i ∈ {2, 3, 4, 5, 6} are trivial. So, it remains to prove the reverse
implications.
To prove that (2)⇒ (1), assume thatX is a first-countable closed-G¯δ space with a countable locally uniform
cs∗-netbase (E ,B). We lose no generality assuming that E is closed under finite unions. The metrizability of
X will be proved using the Moore Metrization Theorem.
For every x ∈ X and E ∈ E denote by E[x]◦ the interior of the E-ball E[x] in X . Then UE := {E[x]◦ : x ∈
X} is a family of open subsets of X and its union
⋃
UE is an open set in X . Since the space X is closed-G¯δ,
X \
⋃
UE =
⋂
m∈ωWE,m =
⋂
m∈ωWE,m for some sequence (WE,m)m∈ω of open sets in X . For every m ∈ ω
consider the open cover UE,m = UE ∪ {WE,m} of X .
It follows that {UE,m : E ∈ E , m ∈ ω} is a countable family of open covers of X . The metrizability of X
will follow from the Moore Metrization Theorem [37, 5.4.2] as soon as for every point x ∈ X and neighborhood
Ox ⊂ X of x we find a neighborhood Vx ⊂ X of x and a pair (E,m) ∈ E × ω such that St(Vx;UE,m) ⊂ Ox.
The locally uniform base B contains an entourage B such that B±3[x] ⊂ Ox. Consider the subfamily
EB = {E ∈ E : E ⊂ B}.
Claim 5.6.2. There exists an entourage E ∈ EB such that x ∈ E[x]
◦.
Proof. Since the countable family E is closed under finite unions, there exists an increasing sequence
{En}n∈ω ⊂ EB such that each E ∈ EB is contained in some En. The space X , being first-countable, admits a
decreasing neighborhood base (Bn)n∈ω at x. Assuming that for every E ∈ EB the point x does not belong to
the interior of the set E[x], we can construct a sequence of points xn ∈ Bn \ En[x], n ∈ ω, which converges to
x. Since the family {E[x] : E ∈ EB} is a cs∗-network at x, for some entourage E ∈ EB the ball E[x] contains
infinitely many points xn, n ∈ ω. Choose k ∈ ω with E ⊂ Ek and find m > k such that xm ∈ E[x]. Then
xm ∈ E[x] ⊂ Ek[x] ⊂ Em[x], which contradicts the choice of xm. 
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Claim 5.6.2 yields an entourage E ∈ EB such that x ∈ E[x]◦ ∈ UE and hence x ∈
⋃
UE \WE,m for some
m ∈ ω. We claim that the neighborhood Vx = E[x]\WE,m of x and the cover UE,m have the required property:
St(Vx;UE,m) ⊂ Ox. Given any point y ∈ St(Vx;UE,m), we can find a point v ∈ Vx and a set U ∈ UE,m such
that {y, v} ⊂ U . Since v ∈ Vx = E[x]
◦ \WE,m, the set U is equal to the set E[z]
◦ for some point z ∈ X .
Observe that v ∈ Vx ⊂ E[x] ⊂ B[x]. On the other hand, the inclusions {y, v} ⊂ U = E[z]◦ ⊂ B[z] imply
y ∈ B[z] ⊂ BB−1[v] ⊂ BB−1B[x] = B±3[x] ⊂ Ox. This completes the proof of the implication (2)⇒ (1).
To prove that (3)⇒ (1), assume that X is a first-countable strong σ-space with a countable locally quasi-
uniform cs∗-netbase. By Theorem 5.5.1, X is an ℵ-space and by [50, 11.4], the first-countable ℵ-space X is
metrizable.
To prove that (4)⇒ (3), assume that X is a first-countable collectionwise normal Σ-space with a countable
locally uniform cs∗-netbase (E ,B). Since X is first-countable, each closed countably compact subspace of X is
sequentially compact. Consequently, the cs∗-netbase (E ,B) is a cs∗-netbase. By Theorem 5.4.1, the Σ-space X
is a σ-space. Being collectionwise normal, the σ-space X is a strong σ-space.
To prove that (5) ⇒ (1), assume that X is an M -space with a countable locally uniform cs∗∗-netbase.
By Theorem 5.3.1, the M -space X (being a w∆-space) has a Gδ-diagonal and by Corollary 3.8 in [50], X is
metrizable.
To prove the implications (6) ⇒ (4), assume that X is a q-space, is a collectionwise normal Σ-space
and has a countable locally uniform cs∗∗-netbase. By Theorem 5.2.2, the q-space X is first-countable. By
Proposition 5.1.5(1), the space X has a countable locally uniform cs∗-netbase. 
Theorem 5.6.1 will help us to characterize metrizable separable spaces.
Theorem 5.6.3. For a T0-space X the following conditions are equivalent:
(1) X is metrizable and separable;
(2) X is a first-countable hereditarily Lindelo¨f space with a countable locally uniform cs∗-netbase;
(3) X is a hereditarily Lindelo¨f M -space with a countable locally uniform cs∗∗-netbase;
(4) X is a first-countable cosmic space with a countable locally quasi-uniform cs∗-netbase;
(5) X is a first-countable Σ-space with countable extent and a countable locally uniform cs∗∗-netbase;
(6) X is a q-space, a Σ-space with countable extent and X has a countable locally uniform cs∗∗-netbase.
Proof. The implications (1)⇒ (i) for i ∈ {2, 3, 4, 5, 6} are trivial.
To prove that (2) ⇒ (1), assume that X is a first-countable hereditarily Lindelo¨f space with a countable
locally uniform cs∗-netbase. By Proposition 3.5.7, the space X is regular. Being hereditarily Lindelo¨f and
regular, the space X is closed-G¯δ. By Theorem 5.6.1(2), the space X is metrizable and being (hereditarily)
Lindelo¨f, is separable.
To prove that (3) ⇒ (1), assume that X is a hereditarily Lindelo¨f M -space with a countable locally
uniform cs∗∗-netbase (E ,B). By [3], each countably compact subspace of X is sequentially compact, which
implies that the cs∗∗-netbase (E ,B) is a cs∗∗-netbase. By Theorem 5.6.1(5), the M -space X is metrizable and
being hereditarily Lindelo¨f, is separable.
To prove that (4) ⇒ (1), assume that X is a first-countable cosmic space with a countable locally quasi-
uniform cs∗-netbase. Being cosmic, the space X is a strong σ-space. By Theorem 5.6.1(3), the space X is
metrizable and being cosmic is separable.
To prove that (5)⇒ (4), assume that X is a first-countable Σ-space with countable extent and a countable
locally uniform cs∗∗-netbase (E ,B). The first-countability of X implies that the cs∗-netbase (E ,B) is a locally
uniform cs∗-netbase. By Theorem 5.4.1, the Σ-space X is a σ-space. So, X has a σ-discrete network N . Since
X has countable extent, the σ-discrete network N is countable, which means that X is cosmic.
To prove that (6)⇒ (5), assume that X is a q-space, a Σ-space with countable extent and X has a locally
uniform cs∗∗-netbase. By Theorem 5.2.2, the space X is first-countable. 
Next, we apply netbases to characterizing compact metrizable spaces.
Theorem 5.6.4. For a topological space X the following conditions are equivalent:
(1) X is compact and metrizable;
(2) X is a countably compact regular T0-space with a countable locally uniform cs
∗∗-netbase;
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(3) X is a sequentially compact regular T0-space with a countable locally uniform cs
∗∗-netbase;
(4) X is a compact Hausdorff space with a countable locally quasi-uniform cs∗∗-netbase;
(5) X is a compact sequentially compact Hausdorff space with a countable locally quasi-uniform cs∗∗-
netbase.
Proof. The implication (1) ⇒ (5) is trivial. The implications (5) ⇒ (4) and (3) ⇒ (2) follow from the
observation that each cs∗∗-netbase in a sequentially compact space is a cs∗∗-netbase. The implications (5)⇒ (3)
and (4)⇒ (2) follow from Theorem 3.4.5. The final implication (2)⇒ (1) follows from Theorem 5.6.1(5). 
Using Theorem 5.6.4, we can complete Theorem 5.2.2 with another condition.
Proposition 5.6.5. A regular T0-space X is first-countable at a point x ∈ X if X is a q-space at x, X
has a countable locally quasi-uniform cs∗-netbase, and each closed countably compact subset of X is compact.
Proof. Assume that X has a countable locally quasi-uniform cs∗∗-netbase, and each closed countably
compact subset of X is compact. If the regular space X is a q-space at a point x ∈ X , then we can find a
decreasing sequence (Vn)n∈ω of closed neighborhoods of x in X such that any sequence (xn)n∈ω ∈
∏
n∈ω Vn has
an accumulation point x∞ in X . It follows that the intersection K =
⋂
n∈ω Vn is a closed countably compact
subspace of X . By our assumption, the subset K is compact and Hausdorff. Since the space X has a countable
locally quasi-uniform cs∗-netbase, the compact Hausdorff space K ⊂ X also has a countable locally quasi-
uniform cs∗-netbase. By Theorem 5.6.4(4), the space K is metrizable and hence first-countable at x. Then we
can choose a decreasing sequence (Un)n∈ω of closed neighborhoods of x in X such that K ∩
⋂
n∈ω Un = {x}.
We claim that the countable family {Vn ∩ Un}n∈ω is a neighborhood base at x. Assuming the opposite, we
could find an open neighborhood Ox ⊂ X of x such that for every n ∈ ω the set Un ∩ Vn \ Ox contains some
point xn. The choice of the sequence (Vn)n∈ω guarantees that the sequence (xn)n∈ω has an accumulation point
x∞ ∈
⋂
n∈ω Vn \Ox = K \Ox. On the other hand, x∞ ∈ K ∩
⋂
n∈ω Un = {x}, which contradicts the inclusion
x∞ ∈ K \Ox. 
We finish this section by analyzing netbase properties of the Mro´wka-Isbell spaces ΨA (see, [73], [74],
[60]), defined with the help of an almost disjoint family A. A family of sets A is called almost disjoint if for
any distinct sets A,B ∈ A the intersection A ∩ B is finite. For an almost disjoint family A of infinite subsets
of ω let ΨA be the set ω ∪ A endowed with the topology
τ = {U ⊂ ω ∪ A : ∀A ∈ A ∩ U |A \ U | < ω}.
Example 5.6.6. For any uncountable almost disjoint family A of infinite subsets of ω, the Mro´wka-Isbell
space ΨA has the following properties:
(1) ΨA is a Moore space;
(2) ΨA is a first-countable w∆-space;
(3) Every subset of ΨA ×ΨA is a Gδ-set, so ΨA has a Gδ-diagonal;
(4) ΨA is a separable space with uncountable extent;
(5) ΨA locally compact but not countably compact;
(6) If A is maximal almost disjoint, then the set ω is sequentially compact in ΨA and the space ΨA is
pseudocompact;
(7) ΨA is σ-discrete and hence is a σ-space;
(8) ΨA is not an ℵ-space;
(9) ΨA is not a strong σ-space;
(10) ΨA has a countable quasi-uniform base;
(11) ΨA does not have a countable locally uniform cs
∗∗-netbase.
Proof. Let X := ΨA. For every n ∈ ω and x ∈ X consider the closed-and-open neighborhood
Un(x) =
{
{x}, if x ∈ ω,
{A} ∪ (A \ n), if x = A ∈ A
of x in X . Then Un =
⋃
x∈X{x} × Un(x) is a neighborhood assignment on X .
1. For every n ∈ ω consider the open cover Un = {Un(x) : x ∈ X} of X and observe that for every x ∈ X
the family {St(x,Un)}n∈ω is a neighborhood base at x, which implies that X is a Moore space.
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2. Being a Moore space, X is a first-countable w∆-space.
3. Given any subset F ⊂ X×X , for every n ∈ ω consider the open neighborhoodWn[F ] =
⋃
(x,y)∈F Un(x)×
Un(y) of F and observe that F =
⋂
n∈ωWn[F ], which means that F is a Gδ-set in X ×X .
4. The Mro´wka-Isbell space X is separable as ω is dense in X , and has uncountable extent as A is an
uncountable closed discrete subset of X .
5. The space X is locally compact since for every x ∈ X the neighborhood U0(x) of x is compact. The
space X is not countably compact since it contains an infinite closed discrete subspace A.
6. If A is maximal almost disjoint, then each infinite subset I ⊂ ω has infinite intersection I ∩A with some
set A ∈ A and then I ∩A is subsequence of I, convergent to the point A ∈ A ⊂ X . This means that the dense
subset ω is sequentially compact in X , which implies that X is pseudocompact.
7. It is clear that the Mro´wka-Isbell space X = A ∪
⋃
n∈ω{n} is σ-discrete and hence is a σ-space.
8. By [50, 11.4], first-countable ℵ-spaces are metrizable. Being first-countable and non-metrizable, the
Mro´wka-Isbell space fails to be an ℵ-space.
9,10. It is easy to see that U = {Un}n∈ω is a countable quasi-uniform base for X and hence (U ,U) is a
countable quasi-uniform cs∗-netbase for X . Assuming that X is a strong σ-space and applying Theorem 5.5.1,
we would conclude that X is an ℵ-space, which is not the case. This contradiction shows that X is not a strong
σ-space.
11. To derive a contradiction, assume that the Mro´wka-Isbell space X admits a countable locally uniform
cs∗∗-netbase. By Proposition 5.1.5, X has a countable locally uniform cs∗-netbase (E ,B). We can additionally
assume that the family E is closed under finite unions. For every E ∈ E and n ∈ ω let AE,n = {A ∈ A :
∀m ∈ A \ n (A,m) ∈ E}. Endow AE,n with the weak topology generated by the countable base consisting
of the sets [F,G] = {A ∈ AE,n : A ∩ G = F} where F ⊂ G run over finite subsets of ω. Let A˙E,n be the set
of isolated points in AEn . The second countability of AE,n implies that the set A˙E,n is at most countable.
Then the set A˙ =
⋃
E∈E
⋃
n∈ω A˙E,n is countable too, so we can choose an element A ∈ A \ A˙. The base B,
being locally uniform, contains an entourage B ∈ B such that B±3[{A}] ⊂ {A} ∪A. Since X is first-countable
at A and the family EB = {E ∈ E : E ⊂ B} is a (closed under finite unions) cs∗-network at A, there exists
an entourage E ∈ EB such that E[{A}] is a neighborhood of A in X . Consequently, we can find n ∈ ω such
that A \ n ⊂ E[{A}], which implies that A ∈ AE,n. Fix any point a ∈ A \ n and consider its neighborhood
[{a}, {a}] ∋ A in AE,n. Since A /∈ A˙E,n, the singleton {A} is not open in AE,n. Consequently, {A} 6= [{a}, {a}]
and we can find a set A′ ∈ [{a}, {a}] \ {A}. Then a ∈ A′ \ n ⊂ E[{A′}] and hence a ∈ E[{A′}] ∩ E[{A}].
Consequently, A′ ∈ E−1E[{A}] ⊂ B−1B[{A}] ⊂ {A}∪A, which is a desired contradiction showing that X has
no locally uniform cs∗∗-netbases. 
Problem 5.6.7. Can the Mro´wka-Isbell space ΨA be a closed-G¯δ space for a suitable uncountable almost
disjoint family A?
Remark 5.6.8. The properties (7),(8),(10) of Mro´wka-Isbell space show that strong σ-spaces in Theo-
rem 5.6.1(3) cannot be replaced by σ-spaces.
Nonetheless we do not know the answer to the following question.
Problem 5.6.9. Is each first-countable σ-space with a countable locally uniform cs∗-netbase metrizable?
5.7. Topological spaces with a countable R-universal netbase
We recall that a based space is a topological space X endowed with an entourage base BX . The entourage
base BX generates the preuniformity UX = {U ⊂ X ×X : ∃B ∈ B (B ⊂ U)} on X . For a based space (X,B)
by Cu(X) and Cω(X) we denote the sets of uniformly continuous and ω-continuous real-valued functions on
the preuniform space (X,UX), respectively. We recall that a function f : X → R is uniformly continuous
(resp. ω-continuous) if for every ε > 0 there exists an entourage U ∈ B (resp. a countable family of entourages
V ⊂ B) such that for every x ∈ X (there exists U ∈ V) such that |f(x) − f(y)| < ε for all (x, y) ∈ U . For
a based space X by δ : X → RCu(X) we denote the canonical map assigning to each point x ∈ X the Dirac
measure δx : Cu(X)→ R, δx : f 7→ f(x).
A based space (X,B) is called
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• R-universal if Cω(X) = Cu(X);
• R-separated if the canonical map δ : X → RCu(X) is injective.
• R-regular if the canonical map δ : X → RCu(X) is a topological embedding.
By Corollary 3.7.3, a based space (X,B) is R-regular if and only if X is a T0-space and the base B is locally
∞-uniform.
A netbase (E ,B) for a topological space X is called R-universal (resp. R-separated, R-regular, locally
∞-uniform) if so is the based space (X,B).
For a subset C of a topological space X by C′p we denote the set of accumulation points of C in X . For a
family C of subsets of a topological space X let X ′C :=
⋃
C∈C C
′p be the set of accumulation points of the sets
C ∈ C. Observe that for a T1-space X and the family p of all subsets of X , the set X ′p coincides with the set
X ′ of non-isolated points of X .
A subset B ⊂ X of a based space (X,B) is defined to be functionally bounded if for each uniformly
continuous function f : X → R the set f(B) is bounded in R. A subset B ⊂ X is σ-bounded if B can be written
as the countable union of functionally bounded sets in X .
Theorem 5.7.1. Let C be a family of subsets in a topological space X and (E ,B) be a countable C∗-netbase
for X. If the netbase (E ,B) is R-universal and R-separated, then the set X ′C is σ-bounded in the based space
(X,B).
Proof. For every E ∈ E consider the set
BE := {x ∈ X : ∀Ox ∈ Tx(X)
∣∣Ox ∩ E[x]∣∣ ≥ ω}.
Let Eb = {E ∈ E : BE is functionally bounded in (X,B)}. To finish the proof of the theorem, it suffices to
check that X ′C ⊂
⋃
E∈Eb
BE .
For this we shall “kill” all entourages E that belong to the family E ′ := E \ Eb. By Lemma 3.10.4, there
exists an ω-continuous function f : X → R such that for every E ∈ E ′ the set f [BE ] is unbounded in R. Then
for each E′ we can inductively choose a point bE ∈ BE such that |f(bE) − f(bF )| > 5 for any distinct sets
E,F ∈ E ′. Observe that for every E ∈ E ′ the function
λE : X → [0, 1], λE : x 7→ max
{
0,min{1, 2− |f(x)− f(bE)|}
}
,
is ω-continuous, takes value 1 on the set {x ∈ X : |f(x) − f(bE)| ≤ 1} and value 0 on the set {x ∈ X :
|f(x) − f(bE)| ≥ 2}.
For every E ∈ E ′ consider the neighborhood OE = {x ∈ X : |f(x) − f(bE)| < 1} of bE and choose a
point aE ∈ OE ∩ E[bE ] \ {bE} (such a point aE exists by the definition of the set BE). Since the based space
(X,B) is R-separated, there exists a uniformly continuous function ϕE : X → [0, 2] such that ϕE(aE) = 2 and
ϕE(bE) = 0. It follows that the function ψE : X → [0, 1], ψE : x 7→ ϕE(x) ·λE(x), has the following properties:
ψE(aE) = 2, ψE(bE) = 0 and ψE(x) = 0 for any point x ∈ X with |f(x) − f(bE)| ≥ 2. It can be shown that
g = f +
∑
E∈E′ ψE is a well-defined ω-continuous function on X such that for every E ∈ E
′
|g(aE)− g(bE)| = |f(aE) + ψE(aE)− f(bE)− ψE(bE)| ≥ |ψE(aE)− ψE(bE)| − |f(aE)− f(bE)| ≥ 2− 1 = 1.
Since g ∈ Cω(X) = Cu(X), there exists an entourage B ∈ B such that |g(x)− g(y)| < 1 for any (x, y) ∈ B.
Now we can prove that X ′C ⊂
⋃
E∈Eb
BE . Given any point x ∈ X
′C, find a set C ∈ C accumulating at
x. Since (E ,B) is a C∗-netbase, there exists an entourage E ∈ E such that E ⊂ B and E[x] ∩ C is infinite.
Consequently, x ∈ BE . It remains to prove that E ∈ Eb. Assuming that E ∈ E ′, we can consider the points bE ∈
BE and aE ∈ E[bE ] and conclude that aE ∈ E[bE ] ⊂ B[bE ] and hence |g(aE) − g(bE)| < 1 ≤ |g(aE)− g(bE)|,
which is a desired contradiction. 
We recall that a subset B of a topological space X is ω-Urysohn if each infinite closed discrete subset
B ⊂ A of X contains an infinite strongly discrete subset C ⊂ B of X .
Lemma 5.7.2. If a topological space X has a countable R-universal R-regular cs∗∗-netbase (E ,B), then
(1) each functionally bounded ω-Urysohn closed subset of X is compact and metrizable;
(2) each functionally bounded hereditarily Lindelo¨f G¯δ-subset of X is compact and metrizable.
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Proof. Let U = {U ⊂ X × X : ∃B ∈ B (B ⊂ U)} be the preuniformity generated by the base B and
U±ω be the canonical uniformity of the preuniform space (X,U). By Proposition 3.7.2, the uniformity U±ω
generates the topology of X . It follows that (E ,U±ω) is a countable (locally) uniform cs∗∗-netbase for X .
By Proposition 3.10.2, each functionally bounded ω-Urysohn closed subset B of X is countably compact.
By Theorem 5.6.4, the countably compact set B is compact and metrizable. By Lemma 1.1.3, each functionally
bounded hereditarily Lindelo¨f G¯δ-subset of X is ω-Urysohn and hence is compact and metrizable. 
Theorem 5.7.3. Let C be a family of subsets in an ω-Urysohn topological space X and (E ,B) be a countable
R-regular R-universal C∗-netbase for X. Then
(1) X ′C is contained in a countable union of closed countably compact subsets of X.
(2) If cs ⊂ C and each closed countably compact subset of X is sequentially compact, then the set X ′C is
contained in a countable union of compact metrizable subsets of X.
(3) If cs ⊂ C, then the set X ′C is contained in a countable union of compact metrizable subsets of X.
Proof. 1. By Theorem 5.7.1, the set X ′C is contained in the countable union
⋃
n∈ω Bn of closed func-
tionally bounded subsets of (X,B). By Proposition 3.10.2, each closed functionally bounded subset Bn of the
ω-Urysohn R-universal R-regular based space (X,B) is countably compact.
2. If each closed countably compact subset ofX is sequentially compact, then the closed countably compact
subsets Bn, n ∈ ω, are sequentially compact. Let U be the preuniformity generated by the base B and U
±ω be
the canonical uniformity of the preuniform space (X,U). By Proposition 3.7.2, the uniformity U±ω generates
the topology of X . If cs ⊂ C, then (E ,U±ω) is a countable uniform cs∗-netbase for X . By Theorem 5.6.4(3),
the sequentially compact spaces Bn, n ∈ ω, are compact and metrizable.
3. If cs ⊂ C, then by Lemma 5.7.2 the functionally bounded sets Bn, n ∈ ω, are compact and metrizable. 
A topological space X is defined to be σ′-compact if the set X ′ of non-isolated points of X is σ-compact.
Theorem 5.7.4. For a topological space X possessing a countable R-universal R-regular p∗-netbase (E ,B),
the following conditions are equivalent:
(1) the set X ′ of non-isolated points of X is a hereditarily Lindelo¨f σ-compact Gδ-subset of X;
(2) X is a perfectly paracompact σ′-compact space;
(3) X is an ω-Urysohn Σ-space;
(4) the set X ′ of non-isolated points of X is a cosmic σ-compact Gδ-subset of X.
Proof. By the R-regularity of the base B, the topological space X is Tychonoff.
(1) ⇒ (2) Assume that the set X ′ of non-isolated points of X is a hereditarily Lindelo¨f σ-compact Gδ-
subset of X . By Lemma 1.1.5, the space X is paracompact. To see that X is perfectly paracompact, we need
to show that each open subset U ⊂ X is an Fσ-set in X . Since the closed set X
′ is a Gδ-set in X , the discrete
space U \X ′ is an Fσ-set in X . Since X ′ is a closed hereditarily Lindelo¨f subspace of X , the open subset U ∩X ′
is an Fσ-set in X
′ and in X . Consequently, the open set U = (U ∩X ′) ∪ (U \X ′) is an Fσ-set in X .
(2) ⇒ (3) Assume that X is a perfectly paracompact σ′-compact space. Then the closed set X ′ is a
σ-compact Gδ-set in X . Write X
′ as the countable union
⋃
n∈ωKn of compact subsets Kn, n ∈ ω, and X \X
′
as the countable union
⋃
n∈ω Fn of closed (discrete) subsets of X . Then the family
N = {Kn}n∈ω ∪
⋃
n∈ω
{
{x} : x ∈ Fn
}
consists of compact sets in X and is a σ-discrete N -network for N , witnesses that X is a Σ-space. Being
paracompact, the space X is ω-Urysohn.
(3) ⇒ (4) Assume that X is an ω-Urysohn Σ-space. By Theorem 5.4.1, X is a σ-space. By Theo-
rem 5.7.3(3), the set X ′ = X ′p is cosmic and σ-compact. By [50, p.446], the closed subset X ′ of the σ-space
X is a Gδ-set in X .
The implication (4)⇒ (1) is trivial. 
Theorem 5.7.5. For a topological space X possessing a countable locally uniform s∗-netbase (E ,B), the
following conditions are equivalent:
(1) X is cosmic;
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(2) X is an ℵ0-space;
(3) X is an P0-space;
(4) X is a Σ-space with countable extent.
If the netbase (E ,B) is R-universal, then the conditions (1)–(4) are equivalent to
(5) X is σ-compact.
Proof. The equivalence of the conditions (1)–(4) follows from Theorems 5.5.4 and 5.5.1. The implication
(5) ⇒ (4) is trivial. Now assuming that the netbase (E ,B) is R-universal, we shall prove that (1) ⇒ (5). By
Lemma 3.9.3, C(X) = Cω(X) = Cu(X). The complete regularity of the cosmic space X and the equality
C(X) = Cu(X) guarantee that the based space (X,B) is R-regular. Being cosmic, the space X has countable
tightness and hence satisfies the equalityX ′ = X ′p = X ′s. Moreover, the cosmicity ofX implies that the discrete
subspace X \X ′ of X is cosmic and hence at most countable. Being cosmic, the space X is paracompact and
ω-Urysohn. By Theorem 5.7.4, the set X ′ = X ′s is σ-compact and so is the space X = X ′ ∪ (X \X ′). 
5.8. Cardinality of spaces with a countable p∗-netbase
In this section we shall prove that many known upper bounds for the cardinality of first-countable topo-
logical spaces remain true for topological spaces possessing a countable p∗-base. More precisely, we shall show
that in many upper bounds on the cardinality |X | of a topological space X the character χ(X) of X can be
replaced by the p∗-character χp∗(X) of X .
Definition 5.8.1. Let C be a family of subsets of X . The C∗-character χC∗(X) of a topological space X
is the smallest cardinal κ for which there exists a C∗-netbase (E ,B) for X with |E| ≤ κ.
We shall be interested in the p∗-character χp∗(X) for the family p of all subsets of X . This character
nicely bounds the character χ(X) of a topological space X . We recall that the character χ(x;X) of a point
x in a topological space X is defined as the smallest cardinality of a neighborhood base at x. The cardinal
χ(X) := supx∈X χ(x;X) is called the character of the topological space X .
Theorem 5.8.2. For each topological space X we get χp∗(X) ≤ χ(X) ≤ 2χp∗ (X).
Proof. Let κ = χ(X). If κ is countable, then by Proposition 5.2.1, the space X has a countable entourage
base B. Then the countable p∗-netbase (B,B) witnesses that χp∗(X) ≤ ω = κ. It remains to consider the case
of uncountable κ.
For every point x ∈ X , fix a neighborhood base (Uα[x])α∈κ at x. For every α ∈ κ consider the neighborhood
assignment Uα =
⋃
x∈X{x} × Uα[x]. Let [κ]
<ω be the family of finite subsets of κ and for every F ∈ [κ]<ω let
UF =
⋂
α∈F Uα (for F = ∅ we put U∅ = X ×X). The family E = {UF : F ∈ [κ]
<ω} is an entourage base for
the space X and (E , E) is a p∗-netbase for X , witnessing that
χp∗(X) ≤ |E| ≤ |[κ]
<κ| = κ = χ(X).
To see that χ(X) ≤ 2χp∗(X), fix a p∗-netbase (E ,B) with |E| = χp∗(X). For every x ∈ X the family
E [x] = {E[x] : E ∈ E} is a p∗-network at x. Let Tx be the family of all (not necessarily open) neighborhoods
of x in X . Let x¨ =
⋂
Tx(X). Consider the family
Bx = {x¨ ∪
⋃
A : A ⊂ E [x], x¨ ∪
⋃
A ∈ Tx(X)}
and observe that |Bx| ≤ 2|E[x]| ≤ 2|E| = 2χp∗ (X). We claim that Bx is a neighborhood base at x. Given any
neighborhood Ox ∈ Tx(X), consider the subfamily A = {N ∈ E [x] : N ⊂ Ox}. We claim that x¨ ∪
⋃
A is a
neighborhood of x. In the opposite case x is an accumulating point of the set X \
⋃
A and we can find a set
N ∈ E [x] in the p∗-network E [x] at x such that x ∈ N ⊂ Ox and N ∩ (X \
⋃
A) 6= ∅. It follows that N ∈ A and
hence N ⊂
⋃
A, which contradicts the choice of N . This contradiction shows that x¨ ∪
⋃
A is a neighborhood
of x contained in Ox, which means that Bx is a neighborhood base at x. So, χ(x;X) ≤ |Bx| ≤ 2χp∗(X) and
χ(X) = supx∈X χ(x;X) ≤ 2
χp∗ (X). 
According to a famous theorem of Arhangel’ski˘ı [37, 3.12.10], each Hausdorff space X has cardinality
|X | ≤ 2χ(X)L(X) where L(X) is the Lindelo¨f number of X . The inequality |X | ≤ 2χ(X)L(X) can be improved
to |X | ≤ 2χ(X)aLc(X) (and |X | ≤ 2χ(X)wLc(X) for regular spaces), see [56].
Let us recall that for a topological space X its
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• Lindelo¨f number L(X) is the smallest cardinal κ such that each open cover V of X has a subcover
V ′ ⊂ V of cardinality |V ′| ≤ κ;
• almost Lindelo¨f number aL(X) is the smallest cardinal κ such that for any open cover V of X there
exists a subcollection V ′ ⊂ V of cardinality |V ′| ≤ κ such that X =
⋃
V ∈V′ V¯ ;
• almost Lindelo¨f number for closed subspaces aLc(X) is the smallest cardinal κ such that for any cover
V of a closed subspace C ⊂ X by open subsets of X there exists a subcollection V ′ ⊂ V of cardinality
|V ′| ≤ κ such that C ⊂
⋃
V ∈V′ V¯ ;
• weak Lindelo¨f number wL(X) is the smallest cardinal κ such that for any open cover V of X there
exists a subcollection V ′ ⊂ V of cardinality |V ′| ≤ κ whose union
⋃
V ′ is dense in X ;
• weak Lindelo¨f number for closed subspaces wLc(X) is the smallest cardinal κ such that for any cover
V of a closed subspace C ⊂ X by open subsets of X there exists a subcollection V ′ ⊂ V of cardinality
|V ′| ≤ κ such that C ⊂
⋃
V ′;
• cellularity c(X) is the smallest cardinal κ such that every disjoint family U of non-empty open subsets
of X has cardinality ≤ κ;
• density d(X) is the smallest cardinality of a dense subset of X ;
• tightness t(X) is the smallest cardinal κ such that for any set A ⊂ X and point x ∈ A¯ there exists a
subset B ⊂ A of cardinality |B| ≤ |A| such that x ∈ B¯.
The following diagram describes the relations between these cardinal characteristics for any topological space.
In the diagram an arrow f → g between two cardinal invariants f, g indicates that f(X) ≤ g(X) for any
topological space X .
aL // aLc // L
wL //
OO
wLc //
OO
c // d
It is known (and easy to see) that aL(X) = aLc(X) = L(X) for any regular space X and wL(X) = wLc(X)
for any normal space X .
By [21] (see also [56]), each Hausdorff space X has cardinality
|X | ≤ 2χ(X)aLc(X) ≤ 2χ(X)L(X).
Moreover, if X is Urysohn, then
|X | ≤ 2χ(X)wLc(X) ≤ 2χ(X)c(X) and |X | ≤ 2χ(X)aL(X),
see [2], [21], [56].
Lemma 5.8.3. For any subset A ⊂ X of a Hausdorff space X its closure A¯ has cardinality
(1) |A¯| ≤ 2|A|·χp∗(X);
(2) |A¯| ≤ |A|t(X) · 2χp∗(X).
Proof. Both inequalities trivially hold for finite A. So, we assume that the set A is infinite. Let (E ,B)
be a p∗-netbase for X with |E| = χp∗(X).
If χp∗(X) is finite, then the character χ(X) ≤ 2χp∗ (X) is finite too. In this case the Hausdorff space X is
discrete, A¯ = A and the inequalities (1), (2) trivially hold.
So, we assume that χp∗(X) = |E| is infinite. In this case we lose no generality assuming that E is closed
under taking finite unions.
Let A be any set in X and P(A) be the family of all subsets of A. Consider the function ϕ : A¯→ P(A)E
assigning to each point x ∈ A¯ the function ϕx : E → P(A), ϕx : E 7→ E[x] ∩ A. We claim that the function ϕ
is injective.
Given two distinct points x, y ∈ A¯, use the Hausdorff property of X and find an entourage B ∈ B such that
B[x] ∩ B[y] = ∅. Since the family {E[x] : E ∈ E , E ⊂ B} is a p∗-network at x ∈ A¯, there exists an entourage
Ex ∈ E such that Ex ⊂ B and Ex[x] ∩A 6= ∅. By the same reason, there exists an entourage Ey ∈ E such that
Ey ⊂ B and Ey[y] ∩ A 6= ∅. Since E is closed under finite unions, the entourage E = Ex ∪ Ey ⊂ B belongs
to E and has the property E[x] ∩ A 6= ∅ 6= A ∩ E[y]. Since E[x] ⊂ B[x] and E[y] ⊂ B[y], the non-empty sets
E[x] ∩ A and E[y] ∩ A are disjoint and hence distinct. Consequently, ϕx(E) = E[x] ∩ A 6= E[y] ∩ A = ϕy(E),
which means that the function ϕ : A¯→ P(A)E is injective and hence |A¯| ≤ |P(A)|E = 2|A|·χp∗(X).
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By the definition of the tightness, A¯ =
⋃
{S¯ : S ∈ [A]≤t(X)} where [A]≤t(X) = {S ∈ P(A) : |S| ≤ t(X)}.
Then
|A¯| ≤
∑
S∈[A]≤t(X)
|S¯| ≤
∑
S∈[A]≤t(X)
2|S|·χp∗(X) ≤
∑
S∈[A]≤t(X)
2t(X)·χp∗(X) ≤ |A|t(X) · 2t(X)·χp∗(X) = |A|t(X) · 2χp∗ (X).

Corollary 5.8.4. Every Hausdorff space X has cardinality |X | ≤ d(X)t(X) · 2χp∗(X).
The following theorem can be deduced from Theorem 3.1 of [56] and Corollary 5.8.4.
Theorem 5.8.5. Any Hausdorff space X has cardinality |X | ≤ 2χp∗ (X)·aLc(X) ≤ 2χp∗(X)·L(X) ≤ 2χ(X)·L(X).
If the space X is regular, then |X | ≤ 2χp∗ (X)·wLc(X) ≤ 2χp∗ (X)·c(X) ≤ 2χ(X)·c(X).
Remark 5.8.6. The p∗-character χp∗(X) in the upper bound |X | ≤ 2χp∗ (X)·L(X) cannot be replaced by the
s∗-character: according to Example 8.8.5 under CH there exists a linearly ordered compact Hausdorff space X
with χs∗(X) = ω and |X | = 2ω1 > c = 2χs∗ (X)·L(X).
5.9. Netbases in netportators
In this section we construct natural netbases in netportators and then apply these netbases to studying
topological properties of netportators. We recall that a portator is a pointed topological space X with a
distinguished point e called the unit ofX andX is endowed with a set-valued binary operation xy : X×X ⊸ X ,
xy : (x, y) 7→ xy ⊂ X , satisfying for every x ∈ X the following three conditions:
• xe = {x};
• for every V ∈ Te(X) the set xV :=
⋃
y∈V xy is a neighborhood of x;
• for every neighborhood Ox ⊂ X of x there is a neighborhood V of e such that xV ⊂ Ox.
The binary operation xy is called the multiplication of a portator X . It induces another two set-valued binary
operations
x−1y : X ×X ⊸ X, x−1y : (x, y) 7→ x−1y := {z ∈ X : y ∈ xz}
and
xy−1 : X ×X ⊸ X, xy−1 : (x, y) 7→ xy−1 := {z ∈ X : x ∈ zy},
called the left division and the right division of the portator X . It is convenient to extend the operations xy,
x1y, xy−1 to subsets A,B ⊂ X letting AB :=
⋃
a∈A aB =
⋃
b∈B Ab where aB :=
⋃
b∈B ab and Ab :=
⋃
a∈A ab.
In a similar manner we define the sets A−1B and AB−1.
A portator X is called a netportator if for any points x, y ∈ X the sets xy and x−1y are finite.
5.9.1. Admissible families of sets in a portator. We shall say that a family C of subsets of a portator
X is admissible if for any set C ∈ C accumulating at some point x ∈ X the set x−1C := {y ∈ X : xy ∈ C}
contains a subset C′ ∈ C accumulating at e. In this case we shall also say that the portator X is C-admissible.
We recall that for any topological space X by p (resp. s, cs∗, cs) we denote the family of all subsets of
X (resp. all countable subsets, all convergent sequences, and all countable subsets with countably compact
closure in X).
Proposition 5.9.1. For any netportator X
(1) the families s and p are admissible;
(2) the family cs is admissible if for every x ∈ X the set-valued map x−1y : X ⊸ X, x−1y : y 7→ x−1y,
is semicontinuous at x and x−1x = {e}.
(3) the family cs is admissible if X if for every x ∈ X the set-valued map x−1y : X ⊸ X, x−1y : y 7→
x−1y, is semicontinuous.
Proof. 1. To show that the family s is admissible, fix any set C ∈ s accumulating at some point x ∈ X .
Since X is a netportator, the set-valued map x−1y : X ⊸ X has finite value x−1y for any point y ∈ X . This
implies that the set C′ = x−1C is countable and hence belongs to the family s. Assuming that is C′ does not
accumulate at e, we can find a neighborhood V ∈ Te(X) that has finite intersection V ∩ C′ with the set C′.
Then xV is a neighborhood of x that has finite intersection xV ∩ C ⊂ x(V ∩ C′) with the set C, which is not
possible as the set C accumulates at x.
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By analogy we can prove that the family p of all subsets of X is admissible.
2. Assume that for every x ∈ X the set-valued map x−1y : X ⊸ X , x−1y : y 7→ x−1y, is semicontinuous
at x and x−1x = {e}. To show that the family cs is admissible, fix any set C ∈ cs. The set C is infinite,
countable, and converges to some point x ∈ X in the sense that any neighborhood Ox of x contains all but
finitely many points of the set C. Consider the set C′ = x−1C. Since X is a netportator, for every c ∈ C, the
set x−1c is finite, which implies that x−1C is countable. We claim that the set C′ is infinite. In the opposite
case, the set xC′ is finite and so is the set C ∩xC′ ⊃ C ∩xX , which is not possible as xX is a neighborhood of
x, containing all but finitely many points of the infinite set C. To show that the set C′ converges to e, choose
any neighborhood V ∈ Te(X). Since x−1x = {e} ⊂ V , the semicontinuity of the operation x−1y at x yields a
neighborhood Ox ⊂ X of x such that x
−1Ox ⊂ V . Replacing Ox by Ox ∩ xV , we can assume that Ox ⊂ xV .
Since C converges to x, the set F = C \ Ox is finite and so is the set x−1F . We claim that C′ \ V ⊂ x−1F .
Indeed, take any point c′ ∈ C′ \ V = (x−1C) \ V and observe that the intersection xc′ ∩ C is not empty and
hence contains some point c ∈ C. We claim that c /∈ Ox. Otherwise c′ ∈ x−1c ⊂ x−1Ox ⊂ V , which contradicts
the choice of c′. Since X is a netportator, the set x−1F is finite and so is its subset C′ \ V . This means that
the infinite set C′ converges to e and hence accumulates at e and belongs to the family cs.
3. Assuming that for every x ∈ X the set-valued map x−1y : X ⊸ X , x−1y : y 7→ x−1y, is semicontinuous,
we shall prove that the netportator X is cs-admissible. Let C ∈ cs be a countable set with countably compact
closure C¯ in X , which accumulates at some point x ∈ X . By the first statement, the countable set C′ = x−1C
accumulates at e. It remains to show that C′ has countably compact closure in X . This will follow as soon as
we check that the set x−1C¯ is countably compact and closed in X .
First we show that the set x−1C¯ is closed in X . Given any point y ∈ X \ x−1C¯, observe that xy ⊂ X \ C¯.
The semicontinuity of the operation xy at y yields a neighborhood Oy ∈ Ty(X) such that xOy ⊂ X \ C¯. Then
Oy ∩ x−1C¯ = ∅, witnessing that the set x−1C¯ is closed in X .
Next, we show that this set is countably compact. In the opposite case we could find an infinite subset
Z ⊂ x−1C¯ without accumulating points in X . For every z ∈ Z ⊂ x−1C¯ choose a point yz ∈ xz ∩ C¯ and
consider the set Y = {yz}z∈Z ⊂ C¯. Since for every y ∈ X the set x−1y is finite, the set Y is infinite. We claim
that Y has no accumulation point in X . Given any point y ∈ X , we should find a neighborhood Vy ∈ Ty(X)
with finite intersection Vy ∩ Y . Since the set Z has no accumulation points in X , each point z of the set
x−1y has a neighborhood Uz ⊂ X that has finite intersection with the set Z. Then U =
⋃
z∈x−1y Uz is a
neighborhood of the finite set x−1y that has finite intersection with the set Z. The semicontinuity of the
function x−1y at the point y, yields a neighborhood Vy ∈ Ty(X) of y such that x−1Vy ⊂ U . Observe that
the set F = {z ∈ Z : yz ∈ Vy} ⊂ Z ∩ x−1Vy ⊂ Z ∩ U is finite and so is the set Y ∩ Vy ⊂ xF . Therefore the
infinite subset Y of C¯ has no accumulation points, which contradicts the countable compactness of C¯. This
contradiction shows that the closed set x−1C¯ is countably compact. 
We recall that a portator X is left-topological if for every x ∈ X the set-valued map x−1y : X ⊸ X ,
x−1y : y 7→ x−1y, is semicontinuous and x−1x = {e}.
Proposition 5.9.1 implies
Corollary 5.9.2. For any left-topological netportator X the families cs, cs, s, and p are admissible.
5.9.2. Local networks generating netbases in netportators. The translation structure of a netpor-
tator allows us to transform local C∗-networks at the unit into C∗-netbases for the whole netportator. To each
subset N ⊂ X of a portator X assign the entourage
~N = {(x, y) ∈ X ×X : y ∈ {x} ∪ xN}
and to each family N of subsets of X assign the family of entourages ~N = { ~N : N ∈ N}.
Theorem 5.9.3. Let X be a netportator and B be a neighborhood base at the unit e of X. If N is a
C∗-network at e for some admissible family C of subsets of X, then the pair ( ~N , ~B) is a C∗-netbase for X. If
the portator (X, tX) is (locally) [quasi-]uniform, then so is the C∗-netbase ( ~N, ~B).
Proof. Let N be a C∗-network at e. By Proposition 4.1.2, the family ~B is an entourage base for X .
To show that ( ~N , ~B) is a C∗-netbase, it suffices to check that for any B ∈ B and point x ∈ X , the family
{ ~N [x] : ~N ∈ ~N , ~N ⊂ ~B} is a C∗-network at x. Let Ox ⊂ X be any neighborhood of x and C ∈ C be a set,
accumulating at x. The family C, being admissible, contains a set C′ ⊂ x−1C accumulating at e. The family
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N , being a C∗-network N at e, contains a set N ⊂ B that has infinite intersection with the set C′. For every
point z ∈ C′ ⊂ x−1C choose a point cz ∈ C ∩xz. Since each set x−1y, y ∈ X , is finite, the set {cz : z ∈ C′∩N}
is infinite. Then ~N ⊂ ~B and the ball ~N [x] = {x} ∪ xN has infinite intersection ~N [x] ∩ C ⊃ {cz : z ∈ C′ ∩N}
with the set C.
If the portator X is (locally) [quasi-]uniform, then so is the base B and so is the C∗-netbase ( ~N , ~B). 
5.9.3. Locally quasi-uniform netportators. In this subsection we apply locally quasi-uniform netbases
to establish some (non-obvious) network properties of locally quasi-uniform netportators. By Proposition 4.2.2,
a portator X is locally quasi-uniform if and only if its multiplication map xy is semicontinuous at each point
(x, e) ∈ X × {e}. In particular, each para-topological portator is locally quasi-uniform.
Theorem 5.9.4. Let X be a locally quasi-uniform netportator and C be an admissible family of subsets
in X. If X has a countable C∗-network at the unit e, then each strong σ-subspace of X has a σ-discrete
C∗-network.
Proof. Let B be a neighborhood base at the unit e of X and N be a countable C∗-network at e. By
Theorem 5.9.3, the pair ( ~N , ~B) is a countable locally quasi-uniform C∗-netbase for X . By Proposition 5.1.4
and 3.4.4, for any subspace Z ⊂ X the pair ( ~N|Z , ~B|Z) is a countable locally quasi-uniform C∗-netbase for Z.
If the space Z is a strong σ-space, then by Theorem 5.5.1, X has a σ-discrete C∗-network. 
Corollary 5.9.5. If a cs-admissible locally quasi-uniform netportator X has a countable cs∗-network at
the unit e, then
(1) each strong σ-subspace of X is an ℵ-space;
(2) each first-countable strong σ-subspace of X is metrizable;
(3) each cosmic subspace of X is an ℵ0-space;
(4) each compact sequentially compact Hausdorff subspace of X is metrizable.
Proof. 1. The first statement follows from Theorem 5.9.4 applied to the family cs of all convergent
sequences in X .
2. The second statement follows from the first one and the metrizability of first-countable ℵ-spaces, proved
in [75] (see also [50, 11.4]).
3. The third statement follows from the first statement and the observations that each cosmic space is a
strong σ-space and each cosmic ℵ-space is an ℵ0-space.
4. Assume that K is a compact sequentially compact Hausdorff subspace of X . By Theorem 5.9.3, the
space X has a locally quasi-uniform cs∗-netbase. By Proposition 3.4.4, the subspace K of X also has a locally
quasi-uniform cs∗-netbase. By Theorem 5.6.4(5), the space K is metrizable. 
Corollary 5.9.6. If a cs∗-admissible locally quasi-uniform netportator X has a countable cs∗-network at
the unit e, then each closed compact Hausdorff subspace of X is metrizable.
Proof. By Theorem 5.9.3, the space X has a countable locally quasi-uniform cs∗-netbase. By Proposi-
tion 3.4.4, every compact Hausdorff subspace K ⊂ X has a countable locally quasi-uniform cs∗-netbase and by
Theorem 5.6.4(4), K is metrizable. 
Corollary 5.9.7. If a locally quasi-uniform netportator X has a countable s∗-network at the unit e, then
each compact Hausdorff subspace of X is metrizable.
Proof. By Proposition 5.9.1 and Theorem 5.9.3, the space X has a countable locally quasi-uniform s∗-
netbase. Proposition 3.4.4 implies that every compact Hausdorff subspaceK ⊂ X has a countable locally quasi-
uniform s∗-netbase, which is also a locally quasi-uniform cs∗∗-netbase. By Theorem 5.6.4(4), K is metrizable.

A topological space X is called a k-space if a subset F ⊂ X is closed in X if and only if for every compact
subset K ⊂ X the intersection F ∩K is relatively closed in K. It is well-known that each sequential space is
a k-space and a k-space X is sequential if each compact subset of X is sequentially compact.
Corollary 5.9.8. If a Hausdorff locally quasi-uniform netportator has the strong Pytkeev∗ property, then
X is a k-space if and only if X is sequential.
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Proof. If X has the strong Pytkeev∗-property, then X has a countable s∗-network at e and by Corol-
lary 5.9.7, each compact subspace of X is metrizable and hence sequentially compact. Then the k-space
property of X is equivalent to the sequentiality of X . 
Corollary 5.9.9. If a Hausdorff leftpara-topological netportator X has a countable cs∗-network at the
unit, then X is a k-space if and only if X is sequential.
Proof. By Corollaries 4.3.2(3) and 5.9.2, the leftpara-topological portator X is locally quasi-uniform
and cs-admissible. By Theorem 5.9.3, the space X has a countable locally quasi-uniform cs∗-netbase. By
Proposition 3.4.4, every compact subspace K ⊂ X has a countable locally quasi-uniform cs∗-netbase and by
Theorem 5.6.4(4), K is metrizable. Since compact subsets of X are metrizable, the k-space property for X is
equivalent to the sequentiality of X . 
Remark 5.9.10. The class of locally quasi-uniform netportators includes all paratopological groups (which
are also leftpara-topological netportators). So, all results of Subsection 5.9.3 are true for paratopological groups.
Remark 5.9.11. Corollaries 5.9.8 and 5.9.9 yield an affirmative answer to Question 4.3 of Lin, Ravsky and
Zhang [66] who asked whether the sequentiality and the k-space property are equivalent for topological groups
with the strong Pytkeev property.
5.9.4. Locally uniform netportators. In this subsection we apply netbases to studying locally uniform
netportators. By Proposition 4.2.3, a portator X is locally uniform if and only if the multiplication xy and
the right division xy−1 are semicontinuous at points of the set X × {e}. By Corollary 4.3.2(5), each paradiv-
topological portator is locally uniform. In particular, each topological loop is a locally uniform portator.
Theorem 5.9.12. If a cs-admissible locally uniform netportator X has a countable cs∗-network at the unit,
then for any subspace Z of X the following conditions are equivalent:
(1) Z is metrizable;
(2) Z is a first-countable closed-G¯δ T0-space;
(3) Z is an M -space such that each closed countably compact subset of Z is sequentially compact;
(4) Z is a first-countable collectionwise normal Σ-space.
In particular, all sequentially compact T0-subspaces of X are metrizable.
Proof. Assume that the cs-admissible locally uniform netportator X has a countable cs∗-network at the
unit. By Theorem 5.9.3, X admits a countable locally uniform cs∗-netbase. By Proposition 3.4.4, each subspace
Z of X has a countable locally uniform cs∗-netbase (E ,B). If each closed countably compact subset of Z is
sequentially compact, then the cs∗-netbase (E ,B) is a cs∗∗-base.
Now the equivalence of the conditions (1)–(4) follows from the Metrization Theorem 5.6.1. The metriz-
ability of sequentially compact T0-subspaces of X follows from the statement (3) and the regularity of spaces
admitting a locally uniform base (see Proposition 3.5.7). 
Theorem 5.9.13. Let X be a cs-admissible locally uniform netportator X. If X has a countable cs∗-network
at the unit e, then any subspace Z of X has the following properties:
(1) Z is a σ-space if and only if Z is a Σ-space;
(2) Z is first-countable if and only if Z is a q-space;
(3) If Z is a w∆-space, then Z has a Gδ-diagonal;
(4) Z is metrizable if and only if Z is an M -space;
In particular, all countably compact T0-subspaces of X are metrizable.
Proof. Assume that the locally uniform portator X is cs-admissible and has a countable cs∗-network
at e. By Theorem 5.9.3, X admits a countable locally uniform cs∗-netbase. By Proposition 3.4.4, each
subspace Z of X has a countable locally uniform cs∗-netbase (E ,B). Now the statements (1), (2), (3), (4)
follow from Theorems 5.4.1, 5.2.2, 5.3.1, 5.6.1, respectively. The metrizability of countably compact T0-
subspaces of X follows from the statement (4) and the regularity of spaces admitting a locally uniform base
(see Proposition 3.5.7). 
Theorem 5.9.14. If a locally uniform netportator X has a countable s∗-network at the unit, then any
subspace Z of X has the following properties:
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(1) Z is a σ-space if and only if Z is a Σ-space;
(2) if Z is a strong σ-space, then Z is a P∗-space;
(3) Z is cosmic if and only if Z is a P0-space;
(4) Z is first-countable if and only if Z is a q-space;
(5) If Z is a w∆-space, then Z has a Gδ-diagonal;
(6) Z is metrizable if and only if Z is an M -space.
In particular, all countably compact T0-subspaces of X are metrizable.
Proof. Assume that the locally uniform netportator X is has a countable s∗-network at the unit. By
Proposition 5.9.1 and Theorem 5.9.3, X admits a countable locally uniform s∗-netbase.
By Proposition 3.4.4, each subspace Z of X has a countable locally uniform s∗-netbase, that is also a
cs∗-netbase and a cs∗-netbase. Now the statements (1), (2), (3), (4), (5), (6) follow from Theorems 5.4.1, 5.5.1,
5.5.4, 5.2.2, 5.3.1, 5.6.1, respectively. The metrizability of countably compact T0-subspaces of X follows from
the statement (6) and the regularity of spaces admitting a locally uniform base (see Proposition 3.5.7). 
By Proposition 5.9.1 and Corollary 4.3.2(5), each topological loop is a cs-admissible locally uniform net-
portator. Applying Theorems 5.9.13 and 5.9.14, we obtain the following two corollaries.
Corollary 5.9.15. If a topological loop X has a countable cs∗-network at the unit e, then for any subspace
Z of X the following conditions are equivalent:
(1) Z is metrizable;
(2) Z is a first-countable closed-G¯δ T0-space;
(3) Z is an M -space such that each closed countably compact subset of Z is sequentially compact;
(4) Z is a first-countable collectionwise normal Σ-space.
In particular, all sequentially compact T0-subspaces of X are metrizable.
Corollary 5.9.16. If a topological loop has a countable cs∗-network at the unit, then any subspace Z of
X has the following properties:
(1) Z is first-countable if and only if Z is a q-space;
(2) Z is metrizable if and only if Z is an M -space;
(3) If Z is a w∆-space, then Z has a Gδ-diagonal;
(4) Z is a σ-space if and only if Z is a Σ-space;
In particular, all countably compact T0-subspaces of X are metrizable.
Problem 5.9.17. Can Corollaries 5.9.15 and 5.9.16 be generalized to topological lops?
CHAPTER 6
ω
ω-bases in topological spaces
In this chapter we study topological spaces with an ωω-base. We recall that for a directed poset P a
topological space X has a P -base if at each point x ∈ X the space X has a neighborhood P -base at x, i.e.
a neighborhood base {Uα[x]}α∈P at x such that Uβ[x] ⊂ Uα[x] for all α ≤ β in P . For every α ∈ P the
neighborhoods Uα[x], x ∈ X , compose the entourage Uα = {(x, y) ∈ X × X : y ∈ Uα[x]}. The family
{Uα}α∈ωω is called an entourage P -base or briefly a P -base for X . By Lemma 2.2.2, a topological space X has
an P -base iff Tx(X) ≤T P for each point x ∈ X .
An P -base {Uα}α∈P for a topological space X is called
• uniform if for any α ∈ P there exists β ∈ P such that U±3β ⊂ Uα;
• quasi-uniform if for any α ∈ P there exists β ∈ P such that U2β ⊂ Uα;
• locally uniform if for any x ∈ X and neighborhood Ox ⊂ X of x there exists β ∈ P such that
U±3β [x] ⊂ Ox;
• locally quasi-uniform if for any x ∈ X and neighborhood Ox ⊂ X of x there exists β ∈ P such that
U2β [x] ⊂ Ox.
6.1. Hereditary properties of spaces with a P -base
In this section we establish some stability properties of the class of topological spaces with an ωω-base or
more generally, a P -base for a directed poset P .
Proposition 6.1.1. For any poset P the class of topological spaces with a P -base is closed under taking
subspaces and images under open continuous maps.
Proof. If a topological space X has a P -base, then for any subspace Y of X and any point y ∈ Y the
monotone cofinal map Ty(X)→ Ty(Y ), U 7→ U ∩ A, defines a reduction Ty(X) < Ty(Y ). Taking into account
that P < Ty(X) < Ty(Y ), we conclude that P < Ty(Y ), which means that the space Y has a P -base.
If f : X → Y is an open continuous surjective map between topological spaces, then for every point x ∈ X
the monotone cofinal map Tx(X)→ Tf(x)(Y ), U 7→ f(U), defines a reduction Tx(X) < Tf(x)(Y ). If the space
X has a P -base, then P < Tx(X) < Tf(x)(Y ) implies that P < Ty(Y ) for all y ∈ Y , which means that the
space Y has a P -base. 
We recall that the box-product α∈κXα of a family (Xα)α∈κ is the Cartesian product
∏
α∈κXα endowed
with the topology generated by the base consisting of products
∏
α∈κ Uα of open subsets Uα ⊂ Xα, α ∈ κ.
It is clear that for any point x = (xα)α∈κ in the box-product X = α∈κXα the cofinal monotone map∏
α∈κ Txα(Xα) → Tx(X), (Uα)α∈κ 7→
∏
α∈κ Uα, defines the reduction
∏
α∈κ Txα(Xα) < Tx(X), which allows
us to observe the following fact.
Proposition 6.1.2. Let P be a directed poset. If topological spaces Xα, α ∈ κ, have a P -base, then the
box-product α∈κXα has a P
κ-base. Consequently, the class of topological spaces with an ωω-base is closed
under taking countable box-products.
Now we prove the preservation of the class of topological spaces with an ωω-base by countable Tychonoff
products. Given a cardinal κ and a poset P with a smallest element 0, consider the poset
P⊙κ = {(xα)α∈κ ∈ P
κ : |{α ∈ κ : xα 6= 0}| < ω}
endowed with the partial order, inherited from the power P κ.
Proposition 6.1.3. Let P be a poset with a smallest element 0 and (Xα)α∈κ be a family of topological
spaces with a P -base. Then the Tychonoff product X =
∏
α∈κXα has a P
⊙κ-base.
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Proof. Given any element x = (xα)α∈κ of the Tychonoff product X =
∏
α∈κXα, for every point xα fix
a cofinal monotone map fα : P → Txα(Xα) such that fα(0) = Xα. Then the function
f : P⊙κ → Tx(X), f : (pα)α∈κ 7→
∏
α∈κ
fα(pα),
defines a reduction P⊙κ < Tx(X), witnessing that the Tychonoff product X =
∏
α∈κXα has a P
⊙κ-base. 
Corollary 6.1.4. The class of topological spaces with an ωω-base is closed under countable Tychonoff
products.
Proof. This corollary will follow from Proposition 6.1.3 as soon as we show that ω × (ωω)ω < (ωω)⊙ω.
This reduction is established by the monotone cofinal map f : ω × (ωω)ω → (ωω)⊙ω, f : (n, (xi)i∈ω) 7→ (yi)i∈ω
where yi = xi for i ≤ n and yi = 0 for all i > n. 
Observing that the constructions of ωω-bases in Propositions 6.1.1, 6.1.2, 6.1.3 preserve (locally) [quasi]
uniform bases, we can prove the following fact.
Proposition 6.1.5. The class of topological spaces with a (locally) [quasi-] uniform ωω-base is closed under
taking subspaces, countable Tychonoff products and countable box-products.
A map f : X → Y between topological spaces is defined to be hereditarily quotient if for every subspace
Z ⊂ Y the restriction f |f−1(Z) : f−1(Z) → Z is a quotient map. By [37, 2.4.F(a)], a map f : X → Y is
hereditarily quotient if and only if for every point y ∈ Y and a neighborhood U ⊂ X of the preimage f−1(y)
the set f(U) is a neighborhood of the point y in Y . This characterization implies that open or closed maps are
hereditarily quotient.
Proposition 6.1.6. Let f : X → Y be a hereditarily quotient map. The space Y has a local ωω-base at a
point y ∈ Y if one of the following conditions is satisfied:
(1) f−1(y) is countable and X has a local ωω-base at each point x ∈ f−1(y);
(2) the space X is metrizable and f−1(y) is σ-compact.
Proof. First assume that the preimage f−1(y) is countable and at each point x ∈ f−1(y) the space X has
a neighborhood ωω-base, which means that ωω < Tx(X). To show that Y has a local ωω-base at y, we shall
establish the reduction
∏
x∈f−1(y) Tx(X) < Ty(Y ). The characterization of hereditarily quotient maps given in
[37, 2.4.F(a)] ensures that the map u :
∏
x∈f−1(y) Tx(X)→ Ty(Y ), u : (Ux)x∈f−1(y) 7→ f
(⋃
x∈f−1(y) Ux
)
, is well-
defined, monotone, and cofinal. Taking into account that each poset Tx(X) admits a reduction ωω < Tx(X),
we get the required reduction
ωω ∼= (ωω)f
−1(y) <
∏
x∈f−1(y)
Tx(X) < Ty(Y ),
witnessing that the space Y has a neighborhood ωω-base at y.
Next, assume that the space X is metrizable and the preimage f−1(y) is σ-compact. Then f−1(y) =⋃
n∈ωKn for some increasing sequence (Kn)n∈ω of compact sets. Fix a metric d generating the topology of the
metrizable space X and for every function α ∈ ωω consider the open neighborhood
Uα =
⋃
n∈ω
⋃
x∈Kn
Bd(x, 2
−α(n))
of f−1(y). Here by Bd(x, ε) = {y ∈ X : d(x, y) < ε} we denote the open ε-ball centered at x. The characteriza-
tion of hereditarily quotient maps given in [37, 2.4.F(a)] guarantees that the set Vα = f(Uα) is a neighborhood
of y in Y . It is easy to check that the map ωω → Ty(Y ), α 7→ Vα, is monotone and cofinal. Therefore,
ωω < Ty(Y ) and the space Y has a neighborhood ωω-base at y. 
We shall say that a topological space X has the inductive topology at a point x ∈ X, with respect to a
family C of subspaces of X if a subset U ⊂ X containing x is a neighborhood of x in X if and only if for every
C ∈ C with x ∈ C the intersection C ∩ U is a neighborhood of x in C.
Proposition 6.1.7. A topological space X has a neighborhood ωω-base at a point x ∈ X if X has inductive
topology at x with respect to a countable family C of subspaces such that each space C ∈ C with x ∈ C has a
neighborhood ωω-base at x.
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Proof. Let Cx = {C ∈ C : x ∈ C}. The definition of the inductive topology at x ensures that the map
u :
∏
C∈Cx
Tx(C) → Tx(X), u : (UC)C∈Cx →
⋃
C∈Cx
UC , is well-defined, monotone, and cofinal. Taking into
account that each space C ∈ Cx has a neighborhood ωω-base at x, we get the reduction
ωω ∼= (ωω)Cx <
∏
C∈Cx
Tx(C) < Tx(X).

A topological space X is defined to carry the inductive topology with respect to a cover C if X has the
inductive topology at each point x ∈ X , with respect to the family C. This topology consists of set U ⊂ X such
that for every C ∈ C the intersection U ∩ C is relatively open in C. Topological spaces carrying the inductive
topology with respect to some countable cover by compact sets are called kω-spaces.
Proposition 6.1.8. Each cosmic kω-space X has a uniform ω
ω-base.
Proof. Let ωR be the countable box-product of countably many copies of the real line. By Proposi-
tion 6.1.5, the space ωR has a uniform ωω-base. Then its subspace
R∞ = {(xn)n∈ω ∈ 
ωR : ∃n ∈ ω ∀m ≥ n xm = 0}
has a uniform ωω-base, too. It is well-known (and easy to see) that Rω is a cosmic kω-space. Moreover, each cos-
mic kω-space X embeds into the product [0, 1]
ω×R∞ of the Hilbert cube [0, 1]ω and R∞. By Proposition 6.1.5,
the space [0, 1]ω × R∞ has a uniform ωω-base and so does its subspace X . 
6.2. Locally uniform P -bases in baseportators
Many examples of topological spaces with a P -base naturally appear in Topological Algebra. Namely, the
transport structure of a baseportator X allows us to transform a neighborhood P -base at the unit e ∈ X into
an entourage P -base for the whole space X .
We recall that a baseportator is a pointed topological space X with a distinguished point e ∈ X (called the
unit of X) and a family (tx)x∈X of monotone cofinal functions tx : Te(V )→ Tx(X), x ∈ X , called the transport
structure of the baseportator. The transport structure can be recovered from the set-valued binary operation
xV : X × Te(X)⊸ X, xV : (x, V ) 7→ xV := tx(V ),
called the multiplication operation of the baseportator. The multiplication induces another set-valued binary
operation
xV−1 : X × P(X)⊸ X, xV−1 : (x, V ) 7→ xV −1 := {y ∈ X : x ∈ xV },
called the division operation of the baseportator.
A special kind of baseportators are portators. Their transport maps tx are determined by a set-valued
binary operation xy : X ×X ⊸ X , xy : (x, y) 7→ xy ⊂ X , in the sense that tx(V ) = xV :=
⋃
y∈V xy for all
x ∈ X and V ∈ Te(X). Portators are studied in details in Chapter 4
The transport structure of a baseportator X transforms each neighborhood V ∈ Te(X) of the unit e into
the entourage
~V = {(x, y) ∈ X ×X : y ∈ xV }.
These entourages form the base {~V : V ∈ Te(X)} of the canonical preuniformity ~TX on the baseportator. A
baseportator X is called uniform (resp. quasi-uniform, locally uniform, locally quasi-uniform, symmetrizable)
if so it its canonical preuniformity ~TX .
By Propositions 4.1.4 and 4.1.5, a baseportator X is locally quasi-uniform (resp. locally uniform) if and
only if its multiplication xV (and its division xV−1) is continuous at each point (x, e) ∈ X × {e}.
Proposition 4.1.2 and Corollary 4.3.2 imply
Theorem 6.2.1. Let P be a directed poset, X be a baseportator, and B = (Bα)α∈P be a neighborhood
P -base at the unit of X. Then the family ~B = ( ~Bα)α∈P is a P -base for X. The P -base ~B is uniform (resp.
quasi-uniform, locally uniform, locally quasi-uniform, symmetrizable) if and only if so is the baseportator X.
In particular, the P -base ~B is
(1) locally quasi-uniform if X is a para-topological portator, for example, a paratopological lop;
(2) quasi-uniform if X is a paratopological group;
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(3) locally uniform if X is a paradiv-topological portator, for example, a topological loop;
(4) uniform if X is a locally associative invpara-topological portator, for example, a topological group.
A bit different canonical P -bases can be defined for symmetrizable baseportators. We recall that a
baseportator X is symmetrizable if for any neighborhood V ∈ Te(X) of the unit e and any x ∈ X the set
~V −1[x] := {y ∈ X : x ∈ yV } is a neighborhood of x. By Proposition 4.2.5 a portator X is symmetrizable if for
every y ∈ X the set-valued map x−1y : X ⊸ X , x−1y : x 7→ x−1y, is continuous at y and y−1y = {e}.
Theorem 6.2.2. Let P be a directed poset, X be a symmetrizable baseportator, and B = {Bα}α∈P be a
neighborhood P -base at the unit of X. Then the family
←→
B = { ~Bα ∩ ~B−1α }α∈P is a symmetric P -base for X.
The P -base ~B is (locally) uniform if the baseportator X is (locally) quasi-uniform. In particular, the P -base
←→
B is
(1) locally uniform if X is a quasipara-topological portator, for example, a topological lop;
(2) uniform if X is a locally associative quasipara-topological portator, for example, a topological group.
Since each rectifiable space is homeomorphic to a topological lop, Theorem 6.2.2 implies the following
important corollary.
Corollary 6.2.3. Let P be a directed poset. A rectifiable space X has a locally uniform P -base if and
only if X has a neighborhood P -base at some point.
6.3. P -bases in function spaces
In this section we construct (locally uniform) P -bases in certain function spaces. For two topological
spaces X,Y by C(X,Y ) we denote the set of all continuous functions from X to Y . For a family K of
compact subsets of X the K-open topology on C(X,Y ) is generated by the subbase consisting of the sets
[K,U ] = {f ∈ C(X,Y ) : f(K) ⊂ U} where K ∈ K and U is an open set in Y . The space C(X,Y ) endowed
with the K-open topology will be denoted by CK(X,Y ). For the family K of (finite) compact subsets of X ,
the space CK(X,Y ) is denoted by Ck(X,Y ) (resp. Cp(X,Y )).
Any family K of compact subsets of X will be considered as a poset endowed with the natural inclusion
order (A ≤ B iff A ⊂ B). If P < K for some poset P , then we shall say that the family K is P -dominated.
Proposition 6.3.1. Let P,Q be directed posets and K be a P -dominated family of compact subsets of a
topological space X. If a topological space Y has a neighborhood Q-base at a point y ∈ Y , then the function
space CK(X,Y ) has a neighborhood P ×Q-base at the constant function y¯ : X → {y} ⊂ Y .
Proof. We claim that the monotone map
µ : K× Ty(Y )→ Ty¯(CK(X,Y )), µ : (K,U) 7→ [K,U ],
is cofinal. Indeed, given any neighborhood Oy¯ ⊂ CK(X,Y ) of the constant function y¯, we can find sets
K1, . . . ,Kn ∈ K and neighborhoods U1, . . . , Un ⊂ Y of y such that
⋂n
i=1[Ki, Ui] ⊂ Oy¯. Using the P -dominacy
of the family K, we can show that union K1 ∪ · · · ∪ Kk is contained in some set K ∈ K. Then for the
neighborhood U =
⋂n
i=1 Ui we get the inclusion [K,U ] ⊂
⋂n
i=1[Ki;Ui] ⊂ Oy¯, witnessing that the monotone
map µ is cofinal and hence P ×Q < K× Ty(Y ) < Ty¯(CK(X,Y )), which means that the space CK(X,Y ) has a
neighborhood P ×Q-base at the constant function y¯. 
We recall that a topological space X is called topologically homogeneous if for any points x, y ∈ X there
exists a homeomorphism h : X → Y such that h(x) = y. It is clear that a topological space X has an P -base if
and only if X has a neighborhood P -base at some point x ∈ X . This observation and Proposition 6.3.1 imply:
Corollary 6.3.2. Let P,Q be two directed posets and K be a P -dominated family of compact subsets of
a topological space X. If a topological space Y has a Q-base and the function space CK(X,Y ) is topologically
homogeneous, then CK(X,Y ) has a P ×Q-base.
Theorem 6.3.3. Let P,Q be two directed posets, K be a P -dominated family of compact subsets of a
topological space X, and Y be a topological space with a Q-base. The function space CK(X,Y ) has
(1) a locally uniform P ×Q-base if the space Y is rectifiable;
(2) a uniform P ×Q-base if Y is a topological group.
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Proof. By Proposition 6.3.1, the function space CK(X,Y ) has a neighborhood P ×Q-base at some point.
If Y is a topological group (a rectifiable space), then so is the function space CK(X,Y ) (see Proposition 4.3
[11]). By Theorem 6.2.1(4) (or Corollary 6.2.3), the function space CK(X,Y ) has a (locally) uniform P ×Q-
base. 
Applying Theorem 6.3.3 to the poset P = Q = ωω we get the following result whose last statement
generalizes a result of Ferrando and Ka¸kol [38]. In the proof we should also use a Christensen’s Theorem 2.2.3
saying that for a Polish space X the family K(X) of all compact subsets of X is ωω-dominated.
Corollary 6.3.4. For a Polish space X and a topological space Y with a ωω-base, the function space
Ck(X,Y ) has
(1) a locally uniform ωω-base if the space Y is rectifiable;
(2) a uniform ωω-base if Y is a topological group.
In the following corollary, a cardinal λ is identified with the set [0, λ) of ordinals α < λ and is endowed
with the topology generated by the subbase consisting of the sets [0, α) and (α, λ) for α ∈ λ.
Corollary 6.3.5. For an ωω-dominated cardinal λ and a topological space Y with a ωω-base, the function
space Ck(λ, Y ) has
(1) a locally uniform ωω-base if the space Y is rectifiable;
(2) a uniform ωω-base if Y is a topological group.
In the following theorem we establish some additional properties of the function spaces Ck(λ, Y ). A
topological space X is called strongly zero-dimensional if each open cover of X can be refined by a disjoint
open cover. It follows that each strongly zero-dimensional space is paracompact.
Theorem 6.3.6. Let λ be a regular uncountable cardinal and Y be a metrizable space of density d(Y ) < λ.
The function space X := Ck(λ, Y ) has the following properties.
(1) Each open cover U of X has a subcover V ⊂ U of cardinality |V| < λ.
(2) If |Y | ≥ 2, then X contains λ many pairwise disjoint non-empty open sets and X is not a Σ-space.
(3) If the space Y is discrete, then the function space X is strongly zero-dimensional and its universal
uniformity is generated by the base {Uα}α∈λ consisting of the entourages Uα = {(f, g) ∈ X × X :
f |[0, α] = g|[0, α]}, α ∈ λ.
(4) If the space Y is discrete and the cardinal λ is ωω-dominated, then the universal uniformity UX of X
has an ωω-base.
Proof. 1. Let U be an open cover of the function space X := Ck(λ, Y ). Fix a metric d generat-
ing the topology of the space Y . For any functions f, g ∈ Ck(λ, Y ) and an ordinal α < λ let dα(f, g) =
supx∈[0,α] d(f(x), g(x)). Let also dλ(f, g) = supα∈λ dα(f, g). For every f ∈ X , α ∈ λ and ε > 0 consider the
open neighborhood Bα[f ; ε) := {g ∈ Ck(λ, Y ) : dα(g, f) < ε} of f in the function space Ck(λ, Y ).
For every f ∈ X let
εf := sup{ε ∈ (0, 1] : ∃α ∈ λ ∃U ∈ U Bα[f ; 5ε) ⊂ U}, and
αf := min{α ∈ λ : ∃U ∈ U Bα[f, 4εf ) ⊂ U}.
Choose also a set Uf ∈ U such that Bαf [f ; 4εf) ⊂ Uf .
Claim 6.3.7. For any functions f, g ∈ Ck(λ, Y ) we get 5εf ≥ 5εg − dλ(f, g).
Proof. Assuming that 5εf < 5εg − dλ(f, g), we can choose δ > 0 such that dλ(f, g) + 5εf + δ ≤ 5εg − δ.
By the definition of εg, there exists an ordinal α ∈ λ such that Bα[g; 5εg − δ) ⊂ U for some U ∈ U . Then
Bα[f ; 5εf + δ) ⊂ Bα[g; dλ(f, g) + 5εf + δ) ⊂ Bα[g; 5εg − δ) ⊂ U ∈ U ,
which contradicts the definition of the number εf . 
For every ordinal α ∈ λ, identify the function space Ck([0, α], Y ) with the subspace {f ∈ Ck(λ, Y ) :
f |[α, λ) ≡ const} of Ck(λ, Y ), consisting of functions, which are constant on the interval [α, λ). By [37, 3.4.16],
the function space Ck([0, α], Y ) has weight (and Lindelo¨f number) ≤ d(Y )+ |α| < λ. For two ordinals α, β ∈ λ
by α ∨ β we denote their maximum max{α, β}.
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We shall construct inductively a non-decreasing sequence of ordinals (αn)n∈ω and a sequence (Fn)n∈ω of
subsets Fn ⊂ Ck(λ, Y ) such that for every n ∈ ω the following conditions are satisfied:
(1n) Ck([0, αn], Y ) ⊂
⋃
f∈Fn
Bαn∨αf [f ; εf );
(2n) Fn ⊂ Ck([0, αn], Y ) and |Fn| < λ;
(3n) αn+1 = sup
f∈Fn
(αn ∨ αf ).
We start the inductive construction letting α0 = 0. Assume that for some n ∈ ω an ordinal αn has been
constructed. Since the metrizable space Xn := Ck([0, αn], Y ) has Lindelo¨f number L(Xn) ≤ w(Xn) < λ, for
the open cover {Bαn∨αf [f ; εf) : f ∈ Xn} of Xn there exists a subset Fn ⊂ Xn of cardinality |Fn| ≤ L(Xn) < λ
such that Xn ⊂
⋃
f∈Fn
Bαn∨αf [f ; εf ). The regularity of the cardinal λ guarantees that the ordinal αn+1 :=
supf∈Fn(αn∨αf ) is strictly smaller than λ. Now we see that the conditions (1n)–(3n) are satisfied.
After completing the inductive construction, consider the ordinal αω := supn∈ω αn and the set F :=⋃
n∈ω Fn ⊂ Ck([0, αω], Y ) ⊂ Ck(λ, Y ) of cardinality |F | ≤
∑
n∈ω |Fn| < λ. We claim that the family V = {Uf :
f ∈ F} ⊂ U is a required subcover of Ck(λ, Y ) of cardinality |V| ≤ |F | < λ.
Given any function g ∈ Ck(λ, Y ), for every ordinal n ≤ ω consider the (unique) function gn ∈ Ck([0, αn], Y )
such that gn|[0, αn] = g|[0, αn]. By the continuity of the function g at αω, there exists a number n ∈ ω such that
d(g(x), g(αω)) < εgω for all x ∈ [αn, αω]. This implies that dλ(gn, gω) < εgω and 5εgn ≥ 5εgω−dλ(gn, gω) > 4εgω
according to Claim 6.3.7.
By the inductive condition (1n), for the function gn ∈ Ck([0, αn], Y ) there exists f ∈ Fn such that gn ∈
Bαn∨αf [f ; εf ) and hence dαn∨αf (gn, f) < εf . By the inductive condition (3n), αf ≤ αn+1 ≤ αω . Taking
into account that the functions f and gn are constant on the interval [αn, λ), we conclude that dλ(f, gn) =
dαn∨αf (f, gn) < εf and hence 5εgn > 5εf − dλ(f, gn) > 4εf according to Claim 6.3.7. Then dλ(f, gn) < εf <
5
4εgn and by Claim 6.3.7, 5εf > 5εgn − dλ(f, gn) > 5εgn −
5
4εgn =
15
4 εgn and hence εgn <
20
15εf =
4
3εf . Then
εgω <
5
4εgn <
5
4
4
3εf =
5
3εf .
We claim that g ∈ Bαf [f ; 4εf) ⊂ Uf . Indeed, for every x ∈ [0, αf ] we get
d(g(x), f(x)) ≤ d(g(x), gn(x)) + d(gn(x), f(x)) < εgω + εf <
5
3εf + εf < 4εf ,
and hence g ∈ Bαf [f ; 4εf) ⊂ Uf .
2. Assume that |Y | > 1 and choose two non-empty disjoint open sets V,W ⊂W . For every ordinal α ∈ λ
consider the open set
Uα = {f ∈ Ck(λ, Y ) : f
[
[0, α]
]
⊂ V, f(α+ 1) ∈W}
in Ck(λ, Y ) and observe that the family (Uα)α∈λ is disjoint.
To show that X is not a Σ-space, choose two distinct points y0, y1 ∈ Y and consider the closed subspace
Z = {f ∈ Ck(λ, Y ) : f [λ] ⊂ {y0, y1}}. Assuming that X is a Σ-space, we conclude that Z is a Σ-space, too.
Since Z is a P -space, Lemma 1.2.4 implies that Z is discrete, which is not true. So, X is not a Σ-space.
3,4. Assume that the space Y is discrete. Let U be the uniformity on the space X := Ck(λ, Y ) generated
by the base B = {Uα}α∈λ consisting of the entourages Uα = {(f, g) ∈ X ×X : f |[0, α] = g|[0, α]}, α ∈ λ. We
claim that each open cover W of X can be refined by the disjoint cover {Uα[f ] : f ∈ X} for a suitable ordinal
α ∈ λ. For every f ∈ X find a set Wf ∈ W containing f and an ordinal αf ∈ λ such that Uαf [f ] ⊂Wf . By the
first statement, for the open cover {Uαf [f ] : f ∈ X} of X , there exists a subset F ⊂ X of cardinality |F | < λ
such that X =
⋃
f∈F Uαf [f ]. By the regularity of the cardinal λ, the ordinal α := supf∈F αf is strictly smaller
than λ. Then {Uα[f ] : f ∈ X} is a required disjoint refinement of the cover W . This implies that the space X
is strongly zero-dimensional and the universal uniformity UX of X coincides with the uniformity U .
If the cardinal λ is ωω-dominated, then we can fix a monotone cofinal map ϕ : ωω → λ and conclude that
(Uϕ(α))α∈ωω is an ω
ω-base for the universal uniformity UX = U of the space X = Ck(λ, Y ). 
Theorem 6.3.6 and Corollary 2.4.4 imply the following two corollaries.
Corollary 6.3.8. The function space Z := Ck(ω1,Z) has the following properties:
(1) Z is a topological group;
(2) Z is Lindelo¨f P -space of uncountable cellularity;
(3) under ω1 = b the universal uniformity UZ of has an ωω-base.
Corollary 6.3.9. The function space X := Ck(ω1,R) has the following properties:
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(1) X is a locally convex space;
(2) X is Lindelo¨f, has uncountable cellularity, and is not a Σ-space;
(3) under ω1 = b the space X has a uniform ω
ω-base.
Remark 6.3.10. Theorem 7.2.1 implies that the universal uniformity UX of the function space X :=
Ck(ω1;R) does not have ω
ω-bases.
Remark 6.3.11. The Lindelo¨f property of the function spaces Ck(ω1,Z) and Ck(ω1,R) was first proved
by Gul’ko [52], [53] (see also [54, 5.35]). By [62, 16.12], the space Ck(ω1,R) is not countably tight. By [39,
Theorem 3] (see also [62, 16.15]), the space Ck(ω1,R) has a (uniform) ω
ω-base if and only if ω1 = b.
6.4. Countable s∗-networks in spaces with an ωω-base
In this section we prove an important Theorem 6.4.1 establishing the strong Pytkeev∗ property of topo-
logical spaces with an ωω-base. We recall that a topological space X has the strong Pytkeev∗ property if X has
a countable s∗-network at each point x ∈ X .
Given a family of sets (Uα)α∈ωω and a subset A ⊂ ωω we put UA :=
⋂
α∈A Uα. In particular, for a finite
sequence β ∈ ω<ω by U↑β we denote the intersection
⋂
α∈↑β Uα. Here ↑β := {α ∈ ω
ω : α|n = β} for any finite
sequence β ∈ ωn ⊂ ω<ω. Sometimes it will be convenient to denote the set U↑β by Uβ .
Theorem 6.4.1. If {Uα}α∈ωω is a local ωω-base at a point x of a topological space X, then for every
α ∈ ωω and every sequence (xn)n∈ω ∈ X
ω accumulating at x there exists k ∈ ω such that the set Uα|k contains
infinitely many points of the sequence (xn)n∈ω. Consequently, the family {Uβ}β∈ω<ω is a countable s
∗-network
at x.
Proof. Given any α ∈ ωω and any sequence (xn)n∈ω ∈ Xω accumulating at x, we need to find k ∈ ω
such that the set Uα|k contains infinitely many points of the sequence (xn)n∈ω.
Let x¨ be the intersection of all neighborhoods of x. If the set Ω = {n ∈ ω : xn /∈ x¨} has infinite complement
in ω, then the number k = 0 has the required property as the set Uα|0 = x¨ contains each point xk, k ∈ ω \ Ω.
So, we assume that the set Ω has finite complement in ω. Let Tx(X) be the family of all neighborhoods
of x in X . For every U ∈ Tx(X) consider the infinite set F (U) = {n ∈ Ω : xn ∈ U} and observe that
F = {F (U) : U ∈ Tx(X)} is a free filter on Ω. Moreover, the family {F (Uα)}α∈ωω is a base of the filter F such
that F (Uβ) ⊂ F (Uα) for any α ≤ β in ωω.
Consider the filter F as a subset of the power-set P(Ω), endowed with the natural compact metrizable
topology. Observe that for every α ∈ ωω the set Kα = {F ∈ P(Ω) : F (Uα) ⊂ F} is a compact subset of F . For
any functions α, β ∈ ωω the inequality α ≤ β implies that Kα ⊂ Kβ. Taking into account that F =
⋃
α∈ωω Kα,
we conclude that (Kα)α∈ωω is a compact resolution of the metrizable space F . By Lemma 1.5.1, the space F is
analytic and by Lemma 1.6.2, the free filter F is meager in P(Ω). By Lemma 1.6.1, there exists a finite-to-one
map ϕ : Ω→ ω such that for every set F ∈ F the image ϕ(F ) is has finite complement in ω.
We claim that for some k ∈ ω the set Uα|k contains infinitely many points xk, k ∈ Ω. To derive a
contradiction, assume that for every k ∈ ω the set Jk = {n ∈ Ω : xn ∈ Uα|k} is finite. Then we can choose an
increasing number sequence (yk)k∈ω ∈ ωω such that Jk ∩ ϕ−1(yk) = ∅ for all k ∈ ω.
For every k ∈ ω and every i ∈ ϕ−1(yk) the point xi does not belong to the intersection Uα|k =
⋂
{Uβ :
β ∈ ωω, β|k = α|k} and hence xi /∈ Uβk,i for some βk,i ∈ ω
ω with βk,i|k = α|k. Consider the function
βk = max{βk,i : i ∈ ϕ−1(yk)} and observe that the inclusion Uβk ⊂ Uβk,i for i ∈ ϕ
−1(yk) implies that
xi /∈ Uβk for all i ∈ ϕ
−1(yk). It follows that βk|k = α|k and hence βk(k − 1) = α(k − 1) if k ≥ 1. Let
β ∈ ωω be the function defined by β(k) = max{βi(k) : i ≤ k + 1}. We claim that β ≥ βk for every k ∈ ω.
Fix any number n ∈ ω. If k ≤ n + 1, then β(n) = max{βi(n) : i ≤ n + 1} ≥ βk(n). If k > n + 1, then
β(n) ≥ βn+1(n) = α(n) = βk(n). For every k ∈ ω the inequality β ≥ βk implies the inclusion Uβ ⊂ Uβk and
hence xi /∈ Uβ for all i ∈ ϕ−1(yk). Then the set F (Uβ) is disjoint with
⋃
k∈ω ϕ
−1(yk) and hence the image
ϕ(F (Uβ)) has infinite complement in ω. But this contradicts the choice of the finite-to-one function ϕ. 
Theorem 6.4.1 implies the following important result, which will allow us to apply powerful results on
s∗-netbases to studying topological spaces with an ωω-base.
Theorem 6.4.2. If {Uα}α∈ωω is an ωω-base for a topological space X, then the pair
(E ,B) :=
(
{U↑β}β∈ω<ω , {Uα}α∈ωω
)
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is a countable s∗-netbase for X. If the space X is countably tight, then the pair (E ,B) is a countable p∗-netbase
for X.
Theorem 6.4.1 combined with Theorem 1.2.3 implies the following characterization of first-countable spaces.
Corollary 6.4.3. For a topological space X (and a point x ∈ X) the following conditions are equivalent:
(1) X is first-countable (at x);
(2) X is countably fan-tight and has a (neighborhood) ωω-base (at x).
If the space X is semi-regular (at x), then the conditions (1),(2) are equivalent to
(3) X is countably ofan-tight (at x) and has a (neighborhood) ωω-base (at x).
Following [46], we say that a neighborhood ωω-base (Uα[x])α∈ωω at a point x of a topological space X
satisfies the condition (D), if for every α ∈ ωω the neighborhood Uα[x] is equal to the union
⋃
k∈ω Uα|k[x] of the
sets Uα|k[x] =
⋂
{Uβ[x] : β ∈ ωω, β|k = α|k}. The condition (D) appears in many results involving ωω-bases,
see [46, §3], [43].
Theorem 6.4.4. For a topological space X and a point x ∈ X the following conditions are equivalent:
(1) X has a neighborhood ωω-base at x satisfying the condition (D);
(2) X is countably tight at x and X has a neighborhood ωω-base at x.
Proof. (1)⇒ (2) Assuming that a local ωω-base (Uα)α∈ωω at x satisfies the condition (D), we shall prove
that the space X is countably tight at x.
Given a subset A ⊂ X with x ∈ A¯, consider the subset Ω = {β ∈ ω<ω : A ∩ Uβ 6= ∅}. For every β ∈ Ω
choose a point xβ ∈ A ∩ Uβ. We claim that the countable subset B = {xβ}β∈Ω ⊂ A contains the point x in
its closure. In the opposite case the set B is disjoint with some neighborhood Uα of x. The condition (D)
guarantees that Uα =
⋃
k∈ω Uα|k. Since x ∈ A¯, the set A intersects the neighborhood Uα and hence intersects
some set Uα|k, k ∈ ω. Then α|k ∈ Ω and hence xα|k ∈ B ∩ Uα|k ⊂ B ∩ Uα, which contradicts the choice of the
neighborhood Uα.
(2) ⇒ (1) Assume that X is countably tight at x and (Uα)α∈ωω is a neighborhood ωω-base at x. For
every β ∈ ω<ω consider the intersection Uβ =
⋂
α∈↑β Uα. The countable tightness of X and Theorem 6.4.1
implies that for every α ∈ ωω the union Vα =
⋃
k∈ω Uα|k is a neighborhood of x. Using the monotonicity of
the enumeration (Uα)α∈ωω we can show that Vβ ⊂ Vα for all α ≤ β in ωω
It remains to check that the neighborhood ωω-base (Vα)α∈ωω satisfies the condition (D). Given any α ∈ ωω
and k ∈ ω observe that
Vα|k =
⋂
β∈↑(α|k)
Vβ =
⋂
β∈↑(α|k)
⋃
n≥k
Uβ|n ⊃ Uα|k
and hence
Vα ⊃
⋃
k∈ω
Vα|k ⊃
⋃
k∈ω
Uα|k = Vα,
which means that Vα =
⋃
k∈ω Vα|k and the neighborhood ω
ω-base (Vα)α∈ωω satisfies the property (D). 
Remark 6.4.5. Theorem 6.4.4 answers affirmatively Question 5 in [46].
6.5. Topological spaces with a locally quasi-uniform ωω-base
In this section we study topological spaces possessing a locally quasi-uniform ωω-base. We recall that an
ωω-base {Uα}α∈ωω for a topological space X is locally quasi-uniform if for any point x ∈ X and neighborhood
Ox ⊂ X there exists α ∈ ωω such that UαUα[x] ⊂ Ox.
Theorem 6.5.1. Each topological space X with a locally quasi-uniform ωω-base has the following properties:
(1) X has a countable locally quasi-uniform s∗-netbase;
(2) each compact Hausdorff subspace of X is metrizable;
(3) X is a P∗-space if X is a strong σ-space;
(4) X is a P0-space if and only if X is cosmic;
(5) X is metrizable if X is a first-countable strong σ-space;
(6) X is metrizable and separable if and only if X is a first-countable cosmic space.
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Proof. By Theorem 6.4.2, the space X has a countable locally quasi-uniform s∗-netbase. Now the state-
ments (2), (3), (4), (5), (6) follow from Theorem 5.6.4(4), Theorem 5.5.1, Corollary 5.5.3, Theorem 5.6.1(3),
and Theorem 5.6.3(4), respectively. 
Remark 6.5.2. By Proposition 4.1.2 and Definition 4.1.3, each locally quasi-uniform portator X with a
neighborhood ωω-base at the unit has a locally quasi-uniform ωω-base and hence has the properties (1)–(6)
of Theorem 6.5.1. By Proposition 4.2.2, a portator X is locally quasi-uniform if and only if its multiplication
map xy is semicontinuous at each point of the set X × {e}. By Corollary 4.3.2, the class of locally quasi-
uniform portators includes all para-topological portators, in particular, all paratopological groups (which are
quasi-uniform portators).
Remark 6.5.3. The metrizability of compact Hausdorff spaces with a uniform ωω-base was first proved by
Cascales and Orihuela [27]. In [35] Dow and Hart generalized their result proving that a compact Hausdorff
space X is metrizable if its diagonal ∆X can be written as the intersection
⋂
α∈ωω Uα of a family {Uα}α∈ωω of
open sets in X ×X such that Uβ ⊂ Uα for all α ≤ β in ω
ω.
6.6. Topological spaces with a locally uniform ωω-base
In this section we study topological spaces possessing a locally uniform ωω-base. We recall that an ωω-base
{Uα}α∈ωω for a topological space X is locally uniform if for any point x ∈ X and neighborhood Ox ⊂ X there
exists α ∈ ωω such that U±3α [x] ⊂ Ox.
Theorem 6.6.1. For a topological space X with a locally uniform ωω-base (and a point x ∈ X) the following
conditions are equivalent:
(1) X is first-countable (at x);
(2) X is ofan s-tight (at x);
(3) X is a q-space (at x).
Proof. By Theorem 6.4.2, the space X has a countable locally uniform s∗-netbase (E ,B), which is also a
cs∗-netbase for X .
The implications (2)⇐ (1)⇒ (3) are trivial and (3)⇒ (1) follow from Theorem 5.2.2. To see that (2)⇒
(1), assume that X is ofan s-tight at some point x ∈ X . By Proposition 3.5.7, the space X is regular. Since
(E ,B) is a s∗-netbase for X , the family {E[x] : E ∈ E} is a countable s∗-network at x. By Theorem 1.2.3(2),
the space X is first-countable at x. 
The following characterization of metrizable spaces can be derived from Theorems 6.4.2 and 5.6.1.
Theorem 6.6.2. For a topological space X with a locally uniform ωω-base the following conditions are
equivalent:
(1) X is metrizable;
(2) X is first-countable closed-G¯δ T0-space;
(3) X is an M -space;
(4) X is first-countable collectionwise normal Σ-space;
(5) X is first-countable strong σ-space.
Remark 6.6.3. In Example 7.6.4 we shall prove that the Michael’s line RQ has a (locally) uniform ω
ω-base
so the closed-G¯δ requirement cannot be removed from Theorem 5.6.1(2) even for hereditarily paracompact
spaces with countable set of non-isolated points.
Problem 6.6.4. Is a T0-space X metrizable if X has a locally uniform ω
ω-base and each closed subset of
X is of type Gδ?
The following characterization of metrizable separable spaces can be derived from Theorems 6.4.2 and
5.6.3.
Theorem 6.6.5. For a topological space X with a locally uniform ωω-base the following conditions are
equivalent:
(1) X is metrizable and separable;
(2) X is a first-countable hereditarily Lindelo¨f T0-space;
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(3) X is first-countable Σ-space with countable extent;
(4) X is first-countable cosmic space.
The following characterization of “small” spaces can be derived from Theorems 6.4.2, 5.5.4, and Corol-
lary 5.5.3.
Theorem 6.6.6. For a topological space X with a locally uniform ωω-base the following conditions are
equivalent:
(1) X is a Σ-space with countable extent;
(2) X is cosmic;
(3) X is an ℵ0-space;
(4) X is a P0-space.
Finally we establish some properties of topological spaces with a locally uniform ωω-base.
Theorem 6.6.7. Any topological space X with a locally uniform ωω-base has the following properties:
(1) X is a Σ-space if and only if X is a σ-space;
(2) If X is a w∆-space, then X has a Gδ-diagonal;
(3) If X is a collectionwise normal Σ-space, then X is a paracompact P∗-space;
(4) all countably compact subsets of X are metrizable.
Proof. By Theorem 6.4.2, X has a countable locally uniform s∗-netbase, which is also a cs∗-netbase. Now
the statements (1), (2), (4) follow from Theorems 5.4.1, 5.3.1, 5.6.1(5), respectively. The statement (3) follows
from Corollary 5.5.2 and Theorem 5.5.1. 
Problem 6.6.8. Is each first-countable σ-space with a locally uniform ωω-base metrizable?
6.7. Spaces with locally uniform ωω-bases under ω1 < b and PFA
In this section we shall establish some consistent properties of topological spaces with a locally uniform ωω-
base, which hold under additional set-theoretic assumptions like ω1 < b or PFA (the Proper Forcing Axiom).
It is known [72, §7] that PFA implies b = c = ω2.
We recall that for a family B of entourages on a set X by cov(X ;B) we denote the smallest cardinal κ
such that for every entourage U ∈ B there exists a set D ⊂ X of cardinality |D| ≤ κ such that X = U [D]. For
n ∈ N we put B∓n = {U∓n : U ∈ B} and B−1 = {U−1 : U ∈ B}.
Theorem 6.7.1. Under ω1 < b, for any topological space X with a locally uniform ω
ω-base B = {Uα}α∈ωω
the following conditions are equivalent:
(1) Xω is weakly cosmic;
(2) all finite powers of X are weakly cosmic;
(3) X is weakly cosmic;
(4) X is separable;
(5) X is Lindelo¨f;
(6) X has countable discrete cellularity;
(7) cov(X ;B∓n) ≤ ω for some n ∈ N;
(8) cov(X ;B) ≤ ω;
(9) cov(X ;B−1) ≤ ω.
Under PFA the conditions (1)–(9) are equivalent to each of the following:
(10) X is cosmic.
(11) X is an ℵ0-space;
(12) X is a P0-space;
(13) X contains a dense Σ-subspace with countable extent.
Proof. First we prove the implications (3) ⇒ (4, 5) ⇒ (6) ⇒ (7) ⇒ (3) of which the implications
(3)⇒ (4, 5)⇒ (6) are trivial or well-known.
(6) ⇒ (7) Assuming that X has countable discrete cellularity, we shall prove that cov(X ;B∓4) ≤ ω.
Assuming that cov(X ;B∓4) > ω, we can find a function δ ∈ ωω such that X 6= U∓4δ [C] for any countable set
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C ⊂ X . This allows us to construct a transfinite sequence of points (xα)α∈ω1 such that xα /∈
⋃
β<αU
∓4
δ [xβ ]
for every α < ω1. We claim that the family (Uδ[xα])α∈ω1 is discrete in X . Assuming the opposite, we could
find a point z ∈ X and countable ordinals α < β such that Uδ[z] ∩ Uδ[xα] 6= ∅ 6= Uδ[z] ∩ Uδ[xβ ]. Then
xβ ∈ U
∓2
δ [z] ⊂ U
∓2
δ [U
∓2
δ [xα]] = U
∓4
δ [xα], which contradicts the choice of the point xβ . This contradiction
shows that cov(X ;B∓4) ≤ ω.
(7)⇒ (3) Assume that cov(X ;B∓n) ≤ ω for some n ∈ ω. Replacing n by a larger number, if necessary, we
can assume that n is even. To derive a contradiction, assume that the space X is not weakly cosmic and hence
contains an uncountable weakly separated subset {xi}i∈ω1 . Then each point xi has a neighborhood O(xi) ⊂ X
such that for any countable ordinals i < j either xi /∈ O(xj) or xj /∈ O(xi). By Proposition 3.4.3, for each
i ∈ ω1 there is an index αi ∈ ωω such that U∓2nαi [x] ⊂ O(xi).
Since ω1 < b, the set {αi : i ∈ ω1} ⊂ ωω is dominated by a countable subset B ⊂ ωω. By the Pigeonhole
Principle, for some β ∈ B the set Ω = {i ∈ ω1 : αi ≤ β} is uncountable.
Since cov(X ;B∓n) ≤ ω, there exists a countable subset Z ⊂ X such that U∓nβ [Z] = X . By the Pigeonhole
Principle, there are two ordinals i < j in Ω such that xi, xj ∈ U
∓n
β [z] for some point z ∈ Z. Then z ∈
(U∓nβ )
−1[xi] = U
∓n
β [xi] and hence xj ∈ U
∓n
β [z] ⊂ U
∓n
β U
∓n
β [xi] = U
∓2n
β [xi] ⊂ O(xi). By analogy we can prove
that xj ∈ O(xi). But this contradicts the choice of the neighborhoods O(xi), O(xj). This contradiction shows
that the space X is weakly cosmic and completes the proof of the equivalence of the conditions (3)–(7).
The implications (5)⇒ (8)⇒ (7) and (4)⇒ (9)⇒ (7) are trivial.
The implication (2) ⇒ (3) is trivial and (3) ⇒ (2) follows from the equivalence (3) ⇔ (7) and the
observation that for every n ∈ ω the countability of the covering number cov(X ;B∓n) is preserved by finite
products of based topological spaces.
The implication (1)⇒ (2) is trivial and (2)⇒ (1) easily follows from the Pigeonhole Principle.
Now assuming that PFA holds, we prove that the conditions (1)–(9) are equivalent to the conditions
(10)–(13). The equivalence of the conditions (10)–(12) was proved in Theorem 6.6.6 and the implications
(10) ⇒ (4) ⇒ (13) are trivial. It is known [72, §7] that PFA implies ω1 < b = ω2. By Theorem 1.3.1, under
PFA each regular space with weakly cosmic finite powers is cosmic. This yields the implication (2) ⇒ (10)
and hence the equivalence of the conditions (1)–(12). It remains to prove that (13)⇒ (4). Assuming that X
contains a dense Σ-subspace Z with countable extent, we can apply Theorem 6.6.6 to conclude that the space
Z is cosmic and hence separable. Then X is separable, too. 
Remark 6.7.2. Theorem 6.7.1 cannot be proved in ZFC. By Corollary 6.3.9, the function space Ck(ω1,R)
is Lindelo¨f, has uncountable cellularity, is not a Σ-space, and has a uniform ωω-base under ω1 = b. This
example shows that in ZFC the condition (5)–(8) are not equivalent to the other conditions of Theorem 6.7.1.
Nonetheless, in Theorem 6.10.1 we shall prove that the conditions (1)–(4) and (10)–(13) are equivalent for
topological spaces with a uniform ωω-base.
Remark 6.7.3. By Propositions 4.1.2 and 3.5.3, a portator X has a locally uniform ωω-base if X has a
neighborhood ωω-base at the unit e and X is either locally uniform or symmetrizable and locally quasi-uniform.
Consequently (see Propositions 4.2.3, 4.2.2, 4.2.5 and Definition 4.3.1), a portator X has a locally uniform ωω-
base if X has a neighborhood ωω-base at the unit e and X is paradiv-topological or invpara-topological. By
Definitions 4.3.1 and 4.3.3, the class of invpara-topological portators includes all topological lops. Since each
rectifiable space is homeomorphic to a topological lop, all results of Sections 6.5–6.7 are true for rectifiable
spaces with an ωω-base.
6.8. Topological spaces with a uniform ωω-base
In this section we start a more detail study of topological spaces with a uniform ωω-base. We recall
that an entourage base {Uα}α∈P for a topological space X is uniform if for any α ∈ P there exists β ∈ P
such that U±3β ⊂ Uα. In this case the canonical preuniformity UX generated by the base {Uα}α∈P coincides
with the canonical uniformity U±ωX of the preuniform space (X,UX). Since each uniform ω
ω-base is locally
(quasi-)uniform, all results proved in Sections 6.5 – 6.7 remain true also topological spaces with a uniform
ωω-base.
Propositions 3.4.3(4) and 3.3.2 imply the following characterization.
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Proposition 6.8.1. For a directed poset P ∼= Pω, a topological space X has a uniform P -base if and only
if X has a locally ∞-uniform P -base.
An entourage base B for a topological space X is called R-regular is so is the based space (X,B). This
happens if and only if the canonical map δ : X → RCu(X), δ : x 7→ δx : f 7→ f(x), is a topological embedding.
Here by Cu(X) we denote the space of functions f : X → R such that for every ε > 0 there exist an entourage
B ∈ B such that |f(x)− f(y)| < ε for all (x, y) ∈ B.
Proposition 6.8.1 and Corollary 3.7.3 imply the following characterization.
Corollary 6.8.2. For a poset P ∼= Pω and a topological space X the following conditions are equivalent:
(1) X has an R-regular P -base;
(2) X is a T0-space with a locally ∞-uniform P -base;
(3) X is a T0-space with a uniform P -base.
A map f : X → Y between uniform spaces is called uniformly quotient if a pseudometric d on Y is uniform
if and only if the pseudometric d(f × f) on X is uniform. This definition implies that each uniformly quotient
map f : X → Y is uniformly continuous. The following proposition is proved in [12] with the help of free
topological Abelian groups.
Proposition 6.8.3. Let f : X → Y be a uniformly quotient map of uniform spaces. If the uniformity UX
of X has an ωω-base, then the uniformity UY has an ωω-base, too.
Let P be a poset. A uniform space X is defined to be P -based if the uniformity UX of X has a base
BX ⊂ UX which can be written as BX = {Uα}α∈P so that Uβ ⊂ Uα for all α ≤ β in P . In this case the family
{Uα}α∈P is called a P -base of the uniformity UX .
Proposition 6.8.4. For any directed poset P , the completion X¯ of a P -based uniform space X is a P -based
uniform space.
Proof. Fix any P -base {Uα}α∈P of the uniformity of X and for every α ∈ P consider the closure U¯α of
the entourage Uα in X¯ × X¯ . It is easy to see that (U¯α)α∈P is an P -base of the uniformity of X¯, witnessing
that the uniform space X¯ is P -based. 
Proposition 6.8.5. If uniform space (X,UX) has an ωω-base, then each precompact subset of X is metriz-
able and separable.
Proof. By Proposition 6.8.4, the completion X¯ of the uniform space (X,UX) is ωω-based. By [37, 8.3.17],
each precompact subset B ⊂ X has compact closure B¯ in X¯ . By Theorem 6.6.7(4), the compact subset B¯ of
the ωω-based uniform space X¯ is metrizable and separable. Consequently, the subset B ⊂ B¯ is metrizable and
separable, too. 
6.9. Function spaces on topological spaces with a uniform ωω-base
For a based topological space (X,BX) by Cu(X) we denote the subspace of RX consisting of uniformly
continuous functions. A function f : X → R is called uniformly continuous if for every ε > 0 there exists an
entourage B ∈ BX such that |f(x)− f(y)| < ε for all (x, y) ∈ B.
A subset B of a based topological space (X,BX) is called
• functionally bounded if for each uniformly continuous function f : X → R the set f [B] is bounded in
the real line;
• σ-bounded if B is the union of a countable family of functionally bounded sets in X .
In this section we are interested in properties of the function spaces Cu(X) related to the K-analycity and
compact resolutions (see [62] or Subsection 1.5 for more information).
Definition 6.9.1. Let (X,BX) be a based topological space. A compact resolution (Kα)α∈ωω of the
function space Cu(X) is called a special compact resolution if the following conditions are satisfied:
(1) (Kα)α∈ωω is upper semicontinuous, which means that for every open subset U ⊂ X the set {α ∈ ωω :
Kα ⊂ U} is open in ωω;
(2) for every α ∈ ωω the function Kˆα : X → R, Kˆα : x 7→ sup{|f(x)| : f ∈ Kα}, is uniformly continuous;
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(3) for every α ∈ ωω there exists a sequence of entourages (Un)n∈ω ∈ BωX such that
Kα =
{
f ∈ RX : |f | ≤ Kˆα
}
∩
⋂
n∈ω
⋂
(x,y)∈Un
{
f ∈ RX : |f(x)− f(y)| ≤ 12n
}
;
(4) for every pair ((Un)n∈ω, ϕ) ∈ BωX × Cu(X) there exists α ∈ ω
ω such that |ϕ| ≤ Kˆα and{
f ∈ RX : |f | ≤ |ϕ|
}
∩
⋂
n∈ω
⋂
(x,y)∈Un
{
f ∈ RX : |f(x)− f(y)| ≤ 12n
}
⊂ Kα.
In the following theorem the function space Cu(X) is considered as a poset endowed with the partial order
inherited from the product RX .
Theorem 6.9.2. For an ωω-based topological space (X,BX) the following conditions are equivalent:
(1) the poset Cu(X) is ω
ω-dominated;
(2) for some dense subspace Z ⊂ X the set {f |Z : f ∈ Cu(X)} is ωω-dominated in RZ ;
(3) the set Cu(X) is ω
ω-dominated in the poset RX ;
(4) the space Cu(X) has a special compact resolution;
(5) the space Cu(X) is K-analytic;
(6) the space Cu(X) has a compact resolution.
The equivalent conditions (1)–(6) follow from the condition
(7) X contains a dense σ-bounded subset.
Proof. We shall prove the implications (4)⇒ (1)⇒ (2)⇒ (3)⇒ (4)⇒ (5)⇒ (6)⇒ (2)⇐ (7). In fact,
the implications (4)⇒ (1)⇒ (2), (4)⇒ (5) are trivial and (5)⇒ (6) follows from Proposition 3.10(i) in [62].
Let BX = {Uα}α∈ωω be the ωω-base of the ωω-based topological space (X,BX).
(2) ⇒ (3) Assume that for some dense subspace Z ⊂ X the set Cu(X |Z) = {f |Z : f ∈ Cu(X)} is ωω-
dominated in RZ . Then there exists a monotone map f : ωω → RZ whose image D = f [ωω] dominates the set
Cu(X |Z) in RZ . First we establish the reduction BωX×D < Cu(X). For every pair P =
(
(Un)n∈ω , ϕ
)
∈ BωX×D
consider the compact subset
KP =
⋂
x∈Z
{
f ∈ RX : |f(x)| ≤ max{0, ϕ(x)}
}
∩
⋂
n∈ω
⋂
(x,y)∈Un
{
f ∈ RX : |f(x)− f(y)| ≤ 12n
}
of RX and observe that KP ⊂ Cu(X). Moreover, the function KˆP : X → R, KˆP : x 7→ sup{f(x) : x ∈ KP } is
uniformly continuous and hence belongs to Cu(X).
Taking into account that ωω < BX and ωω < D, we can find a monotone cofinal map p : ωω → BωX ×D.
Then (Kp(α))α∈ωω is a compact resolution of Cu(X) and {Kˆp(α)}α∈ωω is a monotone cofinal family in Cu(X)
witnessing that the poset Cu(X) is ω
ω-dominated.
(3) ⇒ (4) Assume that Cu(X) is ωω-dominated in RX and find a monotone map ϕ∗ : ωω → RX whose
image D = ϕ∗[ω
ω] dominates the set Cu(X) in R
X . For every α ∈ ωω it will be convenient to denote the
function ϕ∗(α) ∈ RX by ϕα. For a finite sequence β ∈ ω<ω let ϕˆβ : X → (−∞,+∞] be the function defined
by
ϕˆβ(x) = sup({0} ∪ {ϕα(x) : α ∈ ↑β}) for x ∈ X,
where ↑β = {α ∈ ωω : ∃n ∈ ω (α|n = β)} ⊂ ωω is a basic open set in ωω.
Observe that for every α ∈ ωω and k ≤ n in ω we get ↑(α|n) ⊂ ↑(α|k) and hence ϕα ≤ ϕˆα|n ≤ ϕˆα|k. For
an infinite sequence α ∈ ωω let ϕˆ : X → (−∞,+∞] be the function defined by ϕˆα(x) = infk∈ω ϕα|k(x).
Lemma 2.3.5 implies that for every x ∈ X and α ∈ ωω the value ϕˆα(x) is finite. Therefore, ϕˆα ∈ RX is a
well-defined function such that ϕˆ ≥ ϕ. Moreover, for every α ≤ β in ωω we get the inequality ϕˆα ≤ ϕˆβ .
Now we ready to prove that the space Cu(X) has a special compact resolution. For every pair P =(
(Un)n∈ω, α
)
∈ BωX × ω
ω consider the compact subset
KP =
⋂
x∈X
{f ∈ RX : |f(x)| ≤ ϕˆα(x)} ∩
⋂
n∈ω
⋂
(x,y)∈Un
{f ∈ RX : |f(x) − f(y)| ≤ 12n
}
⊂ RX
and the function
KˆP : X → R, KˆP : x 7→ sup{f(x) : f ∈ KP }.
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Observe that KˆP ∈ KP ⊂ Cu(X) and
KP =
⋂
x∈X
{f ∈ RX : |f(x)| ≤ KˆP (x)} ∩
⋂
n∈ω
⋂
(x,y)∈Un
{f ∈ RX : |f(x)− f(y)| ≤ 12n
}
⊂ RX .
Fix any monotone cofinal map p : ωω → BωX × ω
ω and observe that the family (Kp(α))α∈ωω is a compact
resolution of Cu(X). To show that this compact resolution is special, it suffices to show that it is upper
semicontinuous. Given α ∈ ω and an open neighborhood W ⊂ Cu(X) of Kα we need to find k ∈ ω such that
Kp(β) ⊂ W for all β ∈ ↑(α|k). We lose no generality assuming that W is of subbasic form W = {f ∈ Cu(X) :
|f(x)| < a} for some x ∈ X and some a > 0. Taking into account that the set Kp(α) contains the constant
function R → {ϕˆα(x)}, we conclude that ϕˆα(x) < a and hence ϕˆα|k(x) < a for some k ∈ ω. Then for any
β ∈ ↑(α|k) we get ϕˆβ(x) ≤ ϕˆβ|k(x) = ϕˆα|k(x) < a and hence Kp(β) ⊂ W . Therefore, (Kp(α))α∈ωω is an upper
semicontinuous (and hence special) compact resolution of Cu(X).
(6) ⇒ (2) Assume that the function space Cu(X) has compact resolution (Kα)α∈ωω . For every α ∈ ωω
consider the function ϕα : X → R, ϕα : x 7→ sup{f(x) : f ∈ Kα}, and observe that ϕα ≤ ϕβ for any α ≤ β in
ωω. Since Cu(X) =
⋃
α∈ωω Kα, the set {ϕα}α∈ωω dominates Cu(X) in R
X .
(7) ⇒ (2) Assume that the based topological space (X,BX) contains a dense σ-bounded subset Z. Then
Z =
⋃
n∈ω Zn for some functionally bounded sets Zn in X . For every α ∈ ω
ω consider the function ϕα ∈ RZ
assigning to each z ∈ Z the number α(n) where n ∈ ω is the unique number such that z ∈
⋃
k≤n Zk\
⋃
k<n Zk. It
is easy to see that the correspondence ϕ∗ : ω
ω → RZ , α 7→ ϕα, is monotone. The functional boundedness of the
sets Zn inX guarantees that for every f ∈ Cu(X) there is a function α ∈ ωω such that α(n) ≥ supx∈Zn |f(x)| for
all n ∈ ω. For this function α we get f |Z ≤ ϕα, which means that the set {f |Z : f ∈ Cu(X)} is ωω-dominated
in RZ . 
Remark 6.9.3. For the universal uniformity UX on a Tychonoff spaceX the function space Cu(X) coincides
with Cp(X). In this case the equivalences (1)⇔(5)⇔(6) in Theorem 6.9.2 were proved by Tkachuk [81].
6.10. Characterizing “small” topological spaces with a uniform ωω-base
We recall that a base BX for a topological space X is R-regular (resp. R-complete) if the canonical map
δ : X → RCu(X) is a (closed) topological embedding. For a based topological space (X,BX) by UX we denote
the preuniformity generated by the base BX and by U
±ω
X the canonical uniformity of the preuniform space
(X,UX), see Section 3.3. A based preuniform space (X,BX) will be called ω-narrow if for every uniformly
continuous map f : X → Y to a metric space Y the image f(X) is separable. This happens if and only if the
canonical uniformity U±ωX of X is ω-narrow in the sense that cov(X ;U
±ω
X ) ≤ ω.
The following theorem collecting many equivalent smallness properties of topological spaces with an R-
regular ωω-base is the main result of this section and of this paper-book, too.
Theorem 6.10.1. For a T0-space X with a uniform ω
ω-base BX = {Uα}α∈ωω the following conditions are
equivalent:
(1) X is cosmic;
(2) X is an ℵ0-space;
(3) X is a P0-space.
(4) X contains a dense Σ-subspace with countable extent;
(5) X is separable;
(6) Cu(X) is analytic;
(7) Cu(X) is cosmic.
The conditions (1)–(7) imply the condition:
(8) X contains a dense σ-bounded subset;
The condition (8) implies the equivalent conditions:
(9) the poset Cu(X) is ω
ω-dominated;
(10) Cu(X) is ω
ω-dominated in RX ;
(11) for some dense subspace Z ⊂ X the set {f |Z : f ∈ Cu(X)} is ωω-dominated in RZ ;
(12) Cu(X) has a special compact resolution;
(13) Cu(X) is K-analytic;
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(14) Cu(X) has a compact resolution.
If the completion of X by the canonical uniformity U±ωX is R-complete, then the conditions (1)–(14) are equiv-
alent.
Under ω1 < b the conditions (1)–(7) are equivalent to:
(15) X is Lindelo¨f;
(16) X has countable discrete cellularity;
(17) the based space (X,BX) is ω-narrow.
Proof. By Theorem 6.6.6, the conditions (1)–(3) are equivalent. Next, we prove that (1)⇒ (4)⇔ (5)⇒
(6) ⇒ (7) ⇒ (1). The implications (1) ⇒ (4) ⇐ (5) and (6) ⇒ (7) are trivial and (4) ⇒ (5) follows from
Theorem 6.6.6.
To prove that (5) ⇒ (6), assume that the space X is separable and hence contains a countable dense
subset Z. Then the subset Cu(X |Z) = {f |Z : f ∈ Cu(X)} is ωω-dominated in RZ and by Theorem 6.9.2, the
function space Cu(X) is K-analytic. The injective restriction operator Cu(X)→ RZ , f 7→ f |Z, witnesses that
the K-analytic space Cu(X) is submetrizable and hence is analytic, see Lemma 1.5.1.
Finally, we prove the implication (7)⇒ (1). By the R-regularity of the based space (X,BX), the canonical
map δ : X → RCu(X) is a topological embedding. If the function space Cu(X) is cosmic, then by [4, I.1.3],
the function space Cp(Cu(X)) is cosmic too and so is its subspace δ(X), which is homeomorphic to X . This
completes the proof of the equivalence of the conditions (1)–(7).
The implication (5) ⇒ (8) is trivial and (8) ⇒ (9) ⇔ (10) ⇔ (11) ⇔ (12) ⇔ (13) ⇔ (14) were proved in
Theorem 6.9.2.
Now assume that the completion X¯ of the space X by the canonical uniformity U±ωX = UX is R-complete.
By Proposition 6.8.4 the complete uniform space X¯ has an ωω-base B¯X . To prove that the statements (1)–(14)
are equivalent, it suffices to prove that (11) ⇒ (1). Assuming that (11) holds and applying the implication
(11) ⇒ (12) to the R-complete ωω-based space (X¯, B¯X), we conclude that the function space Cu(X¯) has a
special compact resolution (Kα)α∈ωω . This means that for every α ∈ ωω there exists a function ϕα ∈ Kα and
a sequence of entourages (Un)n∈ω ∈ B¯ωX such that
Kα =
⋂
x∈X¯
{f ∈ RX¯ : |f(x)| ≤ ϕα(x)} ∩
⋂
n∈ω
⋂
x,y∈Un
{f ∈ RX¯ : |f(x)− f(y)| ≤ 12n }.
It follows that for every α ∈ ωω and x ∈ X¯ we get the equality ϕα(x) = sup{f(x) : x ∈ Kα}. For every
β ∈ ω<ω and x ∈ X¯ consider the (finite or infinite) number
ϕβ(x) = sup{ϕα(x) : α ∈ ↑β} ∈ (−∞,+∞].
Lemma 2.3.5 implies that for every α ∈ ωω there is a number k ∈ ω such that ϕα|k(x) is finite. Moreover, the
upper semicontinuity of the compact resolution (Kα)α∈ωω implies that
ϕα(x) = inf
n∈ω
ϕα|n(x) = lim
n→∞
ϕα|n(x).
Let [−∞,+∞] be the standard two-point compactification of the real line and let δ : X¯ → [−∞,+∞]Cu(X¯)
be the map assigning to each point x ∈ X¯ the Dirac measure δx : Cu(X¯) → R, δx : ϕ 7→ ϕ(x). The R-
completeness of X¯ guarantees that δ(X¯) is a closed subset of RCu(X¯) ⊂ [−∞,+∞]Cu(X¯), so δ(X¯) ∩ RCu(X¯) =
δ(X¯).
Let every n ∈ ω and β ∈ ω<ω consider the compact subset Fn,β =
⋂
α∈↑β{µ ∈ δ(X¯) : µ(ϕα) ∈ [−n, n]}
in the compact Hausdorff space δ(X¯) ⊂ [−∞,+∞]Cu(X¯). We claim that the countable family {Fn,β : β ∈
ω<ω, n ∈ ω} separates the points of the set δ(X¯) from the points of the remainder δ(X¯) \ δ(X¯). Indeed, take
any two points x ∈ δ(X¯) and y ∈ δ(X¯) \ δ(X). The R-completeness of X guarantees that y(ϕ) /∈ R for some
ϕ ∈ Cu(X¯). Replacing the function ϕ by −ϕ, if necessary, we can assume that y(ϕ) = +∞. Find α ∈ ωω with
ϕ ≤ ϕα and observe that y(ϕα) = +∞. Choose any n ∈ ω such that ϕα(x) < n. Then ϕα|k(x) < n for some
k ∈ ω and hence x ∈ Fn,α|k. On the other hand, y /∈ Fn,α. By Proposition IV.9.2 in [4], δ(X¯) is a Lindelo¨f
Σ-space and so is its topological copy X¯. Being Lindelo¨f, the space X¯ has countable extent. By Theorem 6.6.6,
the space X¯ is cosmic. Then the subspace X of X¯ is cosmic, too.
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Under ω1 < b the equivalence of the conditions (1)–(5) to any of (15)–(17) follows from Theorem 6.7.1 and
Proposition 3.9.2. 
Remark 6.10.2. The conditions (1)–(14) of Theorem 6.10.1 are not equivalent without the R-completeness
of the completion of X : just take any non-separable closed bounded convex subset X of a Banach space and
observe that X considered as a uniform (metric) space is functionally bounded, so satisfies the conditions
(8)–(14) but not (1)–(7).
Remark 6.10.3. The equivalence of the conditions (1)–(7) to (15)–(17) in Theorem 6.10.1 cannot be proved
in ZFC: by Corollary 6.3.9, the function space Ck(ω1) is Lindelo¨f, has uncountable cellularity, is not a Σ-space,
and has a uniform ωω-base under ω1 = b.
Remark 6.10.4. By Proposition 4.1.2 and Definition 4.1.3, each uniform baseportator X with a neighbor-
hood ωω-base at the unit has a uniform ωω-base and hence has the properties described in Theorem 6.10.1. By
Proposition 4.2.4, a portator X is uniform if its multiplication xy is locally associative and semicontinuous at
(e, e), the inversion x−1e is continuous at e, and e−1e = {e}. By Corollary 4.3.2, the class of uniform portators
includes all topological groups. So, any topological group X with an ωω-base has the properties described in
CHAPTER 7
Topological spaces with a universal ωω-base
In this chapter we study topological spaces with a universal ωω-base. A base BX for a topological space
X is defined to be universal if each continuous map f : X → M to a metric space (M,dM ) is uniformly
continuous in the sense that for every ε > 0 there exists an entourage B ∈ BX such that dM (f(x), f(y)) < ε
for all (x, y) ∈ B.
The notion of a universal base can be parametrized by a cardinal parameter κ.
Namely, we define a function f : X → Y between based spaces (X,BX) and (Y,BY ) to be κ-continuous
if for every entourage U ∈ BY there exists a subfamily V ⊂ BX of cardinality |V| ≤ κ such that for every
x ∈ X there exists an entourage V ∈ V such that f
[
V [x]
]
⊂ U
[
f [x]
]
. Observe that uniformly continuous maps
coincide with 1-continuous maps.
A base BX for a topological space X will be called κ-universal if each κ-continuous map f : X →M to a
metric space M of density d(M) ≤ κ is uniformly continuous. Observe that an entourage base is universal if
and only if it is κ-universal for every cardinal κ.
A base B for a topological space X is called R-universal if each ω-continuous map f : X → R is uniformly
continuous.
For any base B for a topological space X we get the implications
universal ⇒ ω1-universal ⇒ ω-universal ⇒ R-universal.
Tychonoff spaces admitting R-regular ωω-bases which are R-universal, ω-universal, and ω1-universal, will
be studied in Sections 7.2, 7.3, and 7.4, respectively. We shall prove that such spaces are close to being
σ′-compact.
In Section 7.1 we generalize a result [6] of Arhangelskii and Calbrix who proved that every Tychonoff
space X with ωω-dominated function space Cp(X) is projectively σ-compact in the sense that each metrizable
separable image of X is σ-compact. In Theorem 7.1.1 we shall prove a similar fact for Tychonoff spaces X
with ωω-dominated function space Cω(X). In Section 7.2 we shall prove that many “smallness” properties are
equivalent for a Tychonoff space whose topology is generated by a universal ωω-base. In Sections 7.6, 7.7, 7.8
we detect topological spaces X whose universal preuniformity pUX , the universal quasi-uniformity qUX or the
universal uniformity UX have a ωω-base. Proposition 3.3.2 implies that for any topological space X we have
the implications:
pUX has an ω
ω-base ⇒ qUX has an ω
ω-base ⇒ UX has an ω
ω-base.
7.1. Based topological spaces with ωω-dominated function space Cω(X)
For a based space X by Cω(X) we denote the space of all ω-continuous real-valued functions on X . Since
each uniformly continuous function is ω-continuous, we get the inclusions Cu(X) ⊂ Cω(X) ⊂ Cp(X) ⊂ R
X . If
the base BX ofX is universal, then Cu(X) = Cω(X) = Cp(X). If the spaceX is Lindelo¨f, then Cω(X) = Cp(X).
The following result generalizes Arhangel’skii-Calbrix Theorem [6] (see also [62, Theorem 9.9]).
Theorem 7.1.1. If for a based topological space X the set Cω(X) is ω
ω-dominated in RX , then for every
ω-continuous map f : X →M to a metric space M the image f [X ] is σ-compact.
Proof. We lose no generality assuming that M = f [X ]. First we consider the case of a totally bounded
metric spaceM . In this case the completion M¯ ofM is compact. Denote by d the metric of the compact metric
space M¯ . Let {ϕα}α∈ωω ⊂ RX be a subset witnessing that the set Cω(X) is ωω-dominated in RX . Replacing
each function ϕα by max{1, ϕα}, we can assume that ϕα(X) ⊂ [1,∞).
For every α ∈ ωω consider the open set Uα =
⋃
x∈X Bd(f(x), 1/ϕα(x)) and the compact set Kα = M¯ \ Uα
in M¯ . Here by Bd(x, ε) = {y ∈ M¯ : d(x, y) < ε} we denote the open ε-ball centered at a point x of the metric
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space M¯ . Observe that for any α ≤ β in ωω the inequality ϕα ≤ ϕβ implies the inclusion Kα ⊂ Kβ. We
claim that the family (Kα)α∈ωω is cofinal in K(M¯ \M). Given any compact set K ⊂ M¯ \M , consider the
ω-continuous function ϕ : X → R defined by ϕ(x) = 1/d(f(x),K) where d(f(x),K) = miny∈K d(f(x), y). Find
α ∈ ωω such that ϕα ≥ ϕ and observe that K ⊂ Kα, witnessing that ωω < K(M¯ \M). By Theorem 2.2.3, the
space M¯ \M is Polish and hence of type Gδ in M¯ . Then M is σ-compact, being of type Fσ in the compact
space M¯ .
Next, we consider the case of separable metric space M = f(X). In this case we can take any homeo-
morphism h : M → T onto a totally bounded metric space T and observe that the ω-continuity of the map
f : X → M implies the ω-continuity of the composition h ◦ f : X → T . By the preceding case, the image
h ◦ f(X) is σ-compact. Since h is a homeomorphism, the space f(X) =M is σ-compact too.
Finally, we can prove the general case of arbitrary metric spaceM . By the preceding case, it is sufficient to
show that the image f(X) =M is separable. Assuming that M = f(X) is non-separable, we can find a closed
discrete subspace D ⊂M of cardinality |D| = ω1. By [13, Corollary 1], the separable Hilbert space ℓ2 contains
an uncountable linearly independent compact set K ⊂ ℓ2. Fix a subset D′ ⊂ K of cardinality |D′| = ω1 which
is not σ-compact. Next, consider the linear hull L of the set D′ in ℓ2 and observe that D′ = L ∩K, so D′ is a
closed subset of L. Take any surjective map g : D → D′. By Dugundji Theorem [36], the map g : D → D′ ⊂ L
has a continuous extension g¯ : M → L. Then the map g¯ ◦ f : X → L is ω-continuous. Since the space L is
separable, the preceding case guarantees that the image g¯ ◦ f(X) is σ-compact and so is its closed subspace
D′ = g¯ ◦ f(X) ∩K. But this contradicts the choice of D′. 
7.2. Topological spaces with an R-universal ωω-base
In this section we study topological spaces possessing an R-universal R-regular ωω-base.
We recall that a base BX for a topological space X is called
• universal if each continuous map f : X → Y to a metric space is uniformly continuous;
• R-universal if each ω-continuous map f : X → R is uniformly continuous;
• R-regular if the canonical map δ : X → RCu(X) is a topological embedding.
By Lemma 3.8.6, each universal base for a Tychonoff space is R-universal and R-regular.
We recall that a subset B ⊂ X of a based space (X,B) is called
• precompact if for each uniformly continuous map f : X → Y to a complete metric space Y the set
f(B) has compact closure in Y ;
• functionally bounded if for each uniformly continuous function f : X → R the set f(B) is bounded in
R;
• σ-bounded if B is the countable union of functionally bounded subsets of X .
Theorem 7.2.1. If a topological space X has an R-universal R-regular ωω-base B, then
(1) a subset B ⊂ X is functionally bounded in (X,B) if and only if B is precompact in (X,B);
(2) each precompact subset of (X,B) is metrizable and separable;
(3) each precompact ω-Urysohn closed subset of (X,B) is compact and metrizable;
(4) each precompact G¯δ-subset of (X,B) is compact and metrizable;
(5) each σ-bounded subset of (X,B) is a P0-space;
(6) each σ-bounded G¯δ-subset of X is a σ-compact P0-space;
(7) the set X ′s is closed and σ-bounded in (X,B);
(8) X ′s is a σ-metrizable P0-space;
(9) a closed subset F ⊂ X is σ-compact if |F \X ′s| ≤ ω and F is either ω-Urysohn or a G¯δ-set in X;
(10) the space X is σ′-compact if and only if |X ′ \X ′s| ≤ ω.
Proof. Let U = {U ⊂ X ×X : ∃B ∈ B (B ⊂ U)} be the preuniformity generated by the base B and U±ω
be the canonical uniformity of the preuniform space (X,U). By Propositions 3.3.2 and 3.7.2, the uniformity
U±ω has an ωω-base and generates the topology of X . By Theorem 6.4.2, the space X has a countable uniform
s∗-netbase.
1. The first statement is proved in Proposition 3.10.1.
2. The second statement follows from Proposition 6.8.5.
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3. By Proposition 3.10.2, each precompact ω-Urysohn closed subset of (X,B) is countably compact and
being metrizable is compact.
4. Let B be a precompact G¯δ-subset of (X,B). By the first statement, the space B is metrizable and
separable and by Lemma 1.1.3, B is ω-Urysohn. By the preceding statement, B is compact and metrizable.
5. By the first and second statements, each σ-bounded subset B of (X,B) is cosmic and by Theo-
rem 6.5.1(4), B is a P0-space.
6. The sixth statement follows from the statements (1), (4) and (5).
7. Since the space X has a countable uniform s∗-netbase, the statement (7) follows from Theorem 5.7.1.
8. The statement (8) follows from the statements (1), (3), (5), and (7).
9. Let F ⊂ X be a closed set in X such that |F \X ′s| ≤ ω. By the statement (7), the set X ′s is σ-bounded
and so is the set F = (F ∩X ′s) ∪ (F \X ′s). If F is ω-Urysohn in X , then by the statements (1) and (3) the
set F is σ-compact. If F is G¯δ in X , then the statements (1) and (4) the set F is σ-compact.
10. If the set X ′ is σ-compact, then by the statement (2), the space Z = X ′ is separable and hence
Z ′ = Z ′s ⊂ X ′s and the complement X ′ \X ′s ⊂ Z \ Z ′ is at most countable. Now assume that |X ′ \X ′s| ≤ ω.
By the statements (1), (2), and (7), the space X ′s is cosmic and so is the space X ′. By Lemma 1.1.5, the space
X is paracompact and hence ω-Urysohn. By the statement (9), the space X ′ is σ-compact. 
7.3. Topological spaces with an ω-universal ωω-base
In this section we study properties of Tychonoff spaces admitting an ω-universal ωω-base.
Definition 7.3.1. A base BX for a topological spaceX is ω-universal if each ω-continuous map f : X → Y
to a metric separable space Y is uniformly continuous.
We recall that a map f : X → Y from a based topological space X to a metric space Y ω-continuous if for
every ε > 0 there is a countable subfamily V ⊂ BX such that for every point x ∈ X there exists an entourage
V ∈ V such that diam
(
f [V [x]]
)
< ε.
It is clear that each ω-universal base for a topological space is R-universal, so the results of Section 7.2
remain true for Tychonoff spaces with an ω-universal R-regular ωω-base.
Definition 7.3.2. Let f : X → Y be a map from a uniform space X to a set Y . A point y ∈ Y is called
a fat value of f if for any entourage U ∈ UX there exists a point x ∈ f−1(y) such that f [U [x]] 6= {y}. This is
equivalent to saying that y ∈ f [U [f−1(y)]] 6= {y} where U [f−1(y)] =
⋃
x∈f−1(y) U [x].
By Fat(f) denote the set of fat values of the map f .
Theorem 7.3.3. For every ω-continuous map f : X →M from an ω-universally ωω-based topological space
X to a metric space M , any closed subset F ⊂ Fat(f) of f [X ] is σ-compact.
Proof. First we consider a partial case when the metric space M is totally bounded. In this case the
completion M¯ ofM is compact. Let d be the metric of the compact metric space M¯ . Replacing d by min{1, d},
we can assume that d ≤ 1. Let F¯ be the closure of F in M¯ .
Let BX = {Uα}α∈ωω be the ω-universal ωω-base for the based topological space X . For any α ∈ ωω and
y ∈ F consider the real number εα(y) = inf{ε > 0 : f [Uα[f
−1(y)]] ⊂ Bd(x, ε)}, where Bd(x, ε) = {y ∈ M¯ :
d(x, y) < ε} is the ε-ball around x in M¯ . Since y ∈ F ⊂ Fat(f), the number εα(y) is strictly positive. Consider
the open set Vα =
⋃
y∈F Bd(y, εα(y)) ⊂ M¯ and the compact set Kα = F¯ \ Vα ⊂ F¯ \ F . For every α ≤ β in ω
ω
the inclusion Uβ ⊂ Uα implies εβ ≤ εα, Vβ ⊂ Vα and finally Kα ⊂ Kβ . We claim that the family (Kα)α∈ωω
is cofinal in K(F¯ \ F ). Fix any compact subset K ⊂ F¯ \ F . Taking into account that F is closed in f [X ], we
conclude that F = F¯ ∩ f [X ] and hence K ∩ f [X ] = ∅. Using the paracompactness of the metric space f [X ]
and Theorem 8.1.10 [37], we can construct a continuous metric ρ on f [X ] such that for every y ∈ f [X ] the
unit ball Bρ(y, 1) = {z ∈ f [X ] : ρ(y, z) < 1} is contained in the ball Bd(y, d(y,K)). Since the based space
X is ω-universal, the ω-continuous map f : X → (M,ρ) is uniformly continuous. Consequently the entourage
U = {(x, y) ∈ X ×X : ρ(x, y) < 1} contains the basic entourage Uα for some α ∈ ωω.
We claim that K ⊂ Kα. This will follow as soon as we check that K ∩ Vα = ∅. Take any point y ∈ F
and x ∈ f−1(y) and observe that f [Uα[x]] ⊂ f [U [x]] ⊂ Bρ(f(x), 1) ⊂ Bd(y, d(y,K)), which implies that
εα(y) ≤ d(y,K) and Bd(y, εα(y)) ⊂ Bd(y, d(y,K)) ⊂ M \ K. Then Vα =
⋃
y∈F Bd(y, εα(y)) ⊂ M \ K and
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Kα = F¯ \ Vα ⊃ F¯ \ (M \K) = K. Therefore, the family {Kα}α∈ωω in cofinal in K(F¯ \ F ), which yields the
reduction ωω < K(F¯ \F ). By Christensen’s Theorem 2.2.3, the space F¯ \F is Polish and hence its complement
F in the compact space F¯ is σ-compact.
Next, we consider the case of separable space M = f [X ]. Fix any homeomorphism h : M → N to a totally
bounded metric space N and observe that the map h ◦ f : X → N is ω-continuous. By the preceding case, the
closed subset h[F ] ⊂ Fat(h ◦ f) of h(M) = N is σ-compact and so is its homeomorphic copy F .
Finally, we consider the case of arbitrary metric space (M,d). First we show that the set Fat(f) is separable.
In the opposite case we can find a subspace D ⊂ Fat(f) of cardinality |D| = ω1, which is separated in the
sense that δ = inf{d(x, y) : x, y ∈ D, x 6= y} > 0. In the separable Hilbert space ℓ2 choose any uncountable
linearly independent compact subset K and fix a subset D′ ⊂ K of cardinality |D′| = ω1 which is not σ-
compact. Consider the linear hull L of the set D′ in ℓ2 and observe that D′ = L ∩K, so D′ is a closed subset
of L. Take any surjective map g : D → D′. Fix any non-zero vector v ∈ L and for every x ∈ D define
a map g˜x : Bd(x, δ/3) → L by gx(z) = g(x) + d(z, x) · v. The maps g˜x, x ∈ D, compose a continuous map
g˜ :
⋃
x∈D Bd(x, δ/3)→ L defined by g˜|Bd(x, δ/3) = g˜x. By Dugundji Theorem [36], the map g˜ has a continuous
extension g¯ :M → L. The choice of the maps g˜x guarantees that D
′ = g¯[D] ⊂ Fat(g¯ ◦ f). Since the space L is
separable, the preceding case guarantees that the closed subset D′ of L is σ-compact, which is not the case.
So, the set Fat(f) is separable and we can choose a closed topological embedding h : Fat(f) → L to a
separable normed space L. By Dugundji Theorem [36], the map h can a continuous extension h¯ : M → L.
Finally, consider the map h˜ : M → L × R defined by h˜(y) = (h¯(y), d(y, F )), y ∈ M . It follows that h˜[F ] is a
closed subset of L × {0} and h˜[F ] ⊂ Fat(h˜ ◦ f). By the preceding case, the space h˜[F ] is σ-compact and so is
its topological copy F . 
7.4. Topological spaces with an ω1-universal ω
ω-base
In this section we study topological spaces possessing an ω1-universal R-regular ω
ω-base. We recall that a
base B for a topological space X is ω1-universal if each ω1-continuous map f : X → Y of a metric space Y of
density ≤ ω1 is uniformly continuous.
For a topological space X by X ′ we denote the set of non-isolated points of X and by X ′P the set of points
x ∈ X which are not P -points in X . It is clear that X ′s ⊂ X ′P ⊂ X ′, where X ′s is the set of accumulation
points of countable sets in X .
Theorem 7.4.1. If a Tychonoff space X has an ω1-universal R-regular ω
ω-base B, then the set X ′P is
ω-narrow in the based space (X,B).
Proof. Assuming that the set X ′P is not ω-narrow in X , we could find a uniformly continuous map
f : X → M to a metric space (M,d) of density ω1 such that the image f [X ′P ] is not separable. Then there
exists a subset D ⊂ f [X ′P ] of cardinality |D| = ω1 such that δ = inf{d(x, y) : x, y ∈ D, x 6= y} > 0. For
every y ∈ D choose a point s(y) ∈ f−1(y) ∩ X ′P and consider its neighborhood Us(y) = f
−1[Bd(y, δ/3)].
Since s(y) is not a P -point in X and the based space (X,B) is R-regular, there exists a ω-continuous function
λy : X → [0, 1] such that λy(s(y)) = 0, λy[X \ Us(y)] ⊂ {1} and λy(Ox) 6= {0} for every neighborhood Ox of
x. Let λ : X → [0, 1] be the ω1-continuous function defined by λ(x) = λy(x) if x ∈ Us(y) for some y ∈ D and
λ(x) = 1 otherwise. Then for the ω1-continuous function f˜ : X → M × [0, 1], f˜ : x 7→ (f(x), λ(x)), we get
D×{0} ⊂ Fat(f˜). By the ω1-universality of the base B, the ω1-continuous map f˜ is uniformly continuous. By
Theorem 7.3.3, the set D × {0} is σ-compact, which is not possible as D is uncountable and discrete. 
Theorem 7.4.2. Assume that ω1 < b. If a Tychonoff space X has an ω1-universal R-regular ω
ω-base B,
then
(1) X ′P is closed in X and the complement X ′P \X ′s is countable and discrete;
(2) the set X ′P is σ-bounded in X and X ′P is a σ-metrizable P0-space;
(3) a closed subset F ⊂ X is σ-compact if |F \X ′P | ≤ ω and F is either ω-Urysohn or a Gδ-set in X;
(4) the set X ′ is σ-compact if and only if |X ′ \X ′P | ≤ ω.
Proof. Let U := {U ⊂ X×X : ∃B ∈ B (B ⊂ U)} be the preuniformity generated by the base B and U±ω
be the canonical uniformity of the preuniform space (X,B). By Propositions 3.3.2 and 3.7.2, the uniformity
U±ω has an ωω-base and generates the topology of X . By Theorem 6.4.2, the space X has a countable uniform
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s∗-netbase. By Theorem 7.4.1, the set X ′P is ω-narrow in (X,B). Then the closure X¯ ′P of X ′P is ω-narrow
too. By the implication (17)⇒ (3) in Theorem 6.10.1, the space Z = X¯ ′P is a P0-space.
1. It follows that each point x ∈ X¯ ′P \X ′P is not a P -point and hence Z \X ′P ⊂ X ′P , which means that
the set X ′P = Z is closed in X . The separability of the P0-space Z implies that set Z \ Z ′ is countable and
Z ′ = Z ′s ⊂ X ′s. Consequently, X ′P \X ′s ⊂ Z \ Z ′ is countable and discrete.
2. By Theorem 7.2.1(7), the set Z ′ ⊂ X ′s is closed and σ-bounded in X and so is the setX ′P = (Z\Z ′)∪Z ′.
By Theorem 7.2.1(1,2,5,7), the space X ′P is cosmic σ-metrizable, and by Theorem 6.10.1, X ′P is a P0-space.
3. Let F ⊂ X be a closed subset of X such that |F \X ′P | ≤ ω. By the first statement, |X ′P \X ′s| ≤ ω
and hence |F \X ′s| ≤ ω. If the set F is ω-Urysohn in X , then F is σ-compact by Theorem 7.2.1(9). If F is a
Gδ-set in X , then we can apply Lemma 1.1.4 and conclude that F is a G¯δ-set in X . By Theorem 7.2.1(9), the
set F is σ-compact.
4. If the set Z = X ′ is σ-compact, then by Theorem 6.10.1, Z is cosmic and hence Z \ Z ′ is countable.
Taking into account that Z ′ ⊂ Z ′s ⊂ X ′P , we conclude that the set X ′ \X ′P ⊂ Z \ Z ′ is at most countable.
Now assume that |X ′\X ′P | ≤ ω. By the statement (2), the space X ′P is cosmic and so is the space X ′. By
Lemma 1.1.5, the space X is paracompact and hence ω-Urysohn. By the statement (3), the closed ω-Urysohn
subset X ′ of X is σ-compact. 
Theorem 7.4.3. Under ω1 < b, for a Tychonoff space X with an ω1-universal R-regular ω
ω-base the
following conditions are equivalent:
(1) X ′ is a σ-compact Gδ-set in X;
(2) |X ′ \X ′P | ≤ ω and X ′ is a Gδ-set in X;
(3) X is a Σ-space;
(4) X is a σ-space.
Proof. The equivalence (1)⇔ (2) follows from Theorem 7.4.2(4).
(1) ⇒ (3) Assume that X ′ is a σ-compact Gδ-set in X . Write the σ-compact space X ′ as the countable
union
⋃
n∈ωKn of compact subsets of X . Also write the Fσ-set X \ X
′ as the countable union
⋃
n∈ω Fn of
closed subsets of X . Then the family of compact sets N = {Kn}n∈ω ∪
⋃
n∈ω
{
{x} : x ∈ Fn
}
is σ-discrete and
is a N -network, witnessing that X is a Σ-space.
(3) ⇒ (4) Assume that X is a Σ-space. Let U = {U ⊂ X ×X : ∃B ∈ B (B ⊂ U)} be the preuniformity
generated by the base B and U±ω be the canonical uniformity of the preuniform space (X,U). By Propo-
sitions 3.3.2 and 3.7.2, the uniformity U±ω has an ωω-base and generates the topology of the space X . By
Theorem 6.6.7, the Σ-space X is a σ-space.
(4)⇒ (1) Assume that X is a σ-space. By [50, p.446], the closed subset X ′ = X ′P of X is a Gδ-set in X .
By Theorem 7.4.2, the set X ′ is σ-compact. 
7.5. Characterizing “small” spaces with a universal ωω-base
For a Tychonoff space X by Ck(X) we denote the function space C(X) endowed with the compact-open
topology.
Theorem 7.5.1. For a Tychonoff space X with an R-universal R-regular ωω-base the following conditions
are equivalent:
(1) |X \X ′s| ≤ ω;
(2) X is σ-compact;
(3) X is separable;
(4) X contains a dense Σ-subspace with countable extent;
(5) X is cosmic;
(6) X is an ℵ0-space;
(7) X is a P0-space;
(8) the poset C(X) is ωω-dominated;
(9) the set C(X) is ωω-dominated in RX ;
(10) Cu(X) has a special compact resolution;
(11) Cu(X) is K-analytic;
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(12) Cu(X) has a compact resolution.
(13) Cu(X) is cosmic;
(14) Cu(X) is analytic.
If Cu(X) = C(X), then the conditions (1)–(14) are equivalent to each of the following conditions:
(15) Ck(X) is K-analytic;
(16) Ck(X) has a compact resolution;
(17) Ck(X) is cosmic;
(18) Ck(X) is analytic.
Under ω1 < b the conditions (1)–(18) are equivalent to:
(19) X is Lindelo¨f;
(20) X has countable discrete cellularity.
If ω1 < b and X has an ω1-universal R-regular ω
ω-base, then the conditions (1)–(20) are equivalent to
(21) |X \X ′P | ≤ ω.
Proof. Let BX be an R-universal R-regular ωω-base for the space X . Let UX = {U ⊂ X × X : ∃B ∈
BX (B ⊂ U)} be the preuniformity on X , generated by the base BX and U
±ω
X be the canonical uniformity of
the preuniform space (X,UX). By Corollary 3.7.3 and Proposition 3.4.3(4), the uniformity U
±ω
X generates the
topology of X . By Proposition 3.3.2, the uniformity U±ωX has an ω
ω-base B±ωX , which is a uniform ω
ω-base for
the space X .
The equivalence of the conditions (3)–(14) follow from Theorem 6.10.1 applied to the uniform ωω-base
B±ωX for the space X . Also this theorem guarantees that under ω1 < b the conditions (3)–(14) are equivalent
to (19) and (20). The implication (2) ⇒ (4) is trivial and (5) ⇒ (2) follows from Theorems 5.7.5 and 6.4.2.
The implication (3)⇒ (1) is trivial and (1)⇒ (2) follows from Theorem 7.2.1(10). The implication (1)⇒ (21)
is trivial and the implication (21)⇒ (1) follows from Theorem 7.4.2(1).
Now assume that Cu(X) = C(X). We shall prove that (3, 10) ⇒ (18) ⇒ (15) ⇒ (16) ⇒ (12), (18) ⇒
(17)⇒ (13).
To prove that (3, 10)⇒ (18), assume that the space X is separable and the function space Cu(X) admits
a special compact resolution (Kα)α∈ωω . The condition (3) of Definition 6.9.1 and (one direction of) the Ascoli
Theorem [37, 8.2.10] (holding without k-space requirements) guarantees that each set Kα, α ∈ ωω, is compact
in the function space Ck(X). Now we see that the special compact resolution (Kα)α∈ωω of Cu(X) = C(X) is
a compact resolution of the function space Ck(X). Fix a countable dense subset D in the separable space X
and observe that the restriction operator Ck(X) → RD, ϕ 7→ ϕ|D, is injective, which implies that the space
Ck(X) is submetrizable. By Lemma 1.5.1, the space Ck(X) is analytic.
The implication (18)⇒ (15) is trivial, (15)⇒ (16) follows from Proposition 3.10(i) [62] and the implications
(16)⇒ (12), (17)⇒ (13) trivially follow from the continuity of the identity map Ck(X)→ Cu(X) ⊂ RX . The
implication (18)⇒ (17) is trivial. 
Remark 7.5.2. Under ω1 = b the conditions (1)–(18) of Theorem 7.5.1 are not equivalent to (19): By
Corollary 6.3.8, the function space Z = Ck(ω1,Z) is a Lindelo¨f P -space of uncountable cellularity, whose
universal uniformity UZ has an ωω-base under ω1 = b. The space Z has Z ′ = Z and Z ′P = ∅.
Problem 7.5.3. Is each universally ωω-based Tychonoff space X = X ′P cosmic?
7.6. Topological spaces with ωω-based universal preuniformity
In this section we detect topological spaces whose universal preuniformity pUX has an ωω-base. The
universal preuniformity pUX consists of all neighborhood assignments on X , i.e., entourages U ⊂ X ×X such
that for every x ∈ X the U -ball U [x] is a neighborhood of x in X .
Proposition 3.3.3(1) implies:
Corollary 7.6.1. If the universal preuniformity pUX of a topological space X has an ωω-base, then for
each subspace Z ⊂ X the universal preuniformity UZ of Z has an ωω-base, too.
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A point x of a topological space is defined to be singular if the intersection x¨ :=
⋂
Tx(X) of all neighbor-
hoods of x is a neighborhood of x. It is clear that each singular point is a P -point. A point of a T1-space is
singular if and only if it is isolated.
For a topological space X by X ′ we denote the set of non-singular points in X and by X ′P the set of points
which are not P -points in X . It is clear that X ′P ⊂ X ′. For a T1-space X the set X ′ coincides with the set of
non-isolated points of X .
Theorem 7.6.2. For any topological space X we have the reductions∏
x∈X′
Tx(X) ∼= pUX < ω
X′P .
Proof. The monotone cofinal map f :
∏
x∈X′ Tx(X) → pUX establishing the reduction
∏
x∈X′ Tx(X) <
pUX can be defined by the formula f((Ux)x∈X′) =
(⋃
x∈X\X′{x} × x¨
)
∪
(⋃
x∈X′{x} × Ux
)
. On the other
hand, the reduction pUX <
∏
x∈X′ Tx(X) is established by the monotone cofinal map pUX →
∏
x∈X′ Tx(X),
U 7→ (U [x])x∈X′ .
Next, we prove that pUX < ωX
′P
. For every point x ∈ X ′P choose a decreasing sequence {Un[x]}n∈ω ⊂
Tx(X) whose intersection
⋂
n∈ω Un[x] is not a neighborhood of x. Consider the monotone cofinal map µ∗ :
pUX → ωX
′P
assigning to each entourage U ∈ pUX the function µU : X ′P → ω, µU : x 7→ min{n ∈ ω : U [x] 6⊂
Un[x]}. The map µ∗ establishes the reduction pUX < ωX
′P
. 
Corollary 7.6.3. For a topological space X the universal preuniformity pUX has an ωω-base if X has an
ωω-base and |X ′| ≤ ω.
Example 7.6.4 (The Michael’s line). The Michael’s line RQ is the real line R endowed with the topology
generated by the base {(a, b) : a < b} ∪
{
{x} : x ∈ R \Q
}
, see [37, 5.1.22, 5.1.32, 5.5.2]. It is well-known that
RQ is a first-countable hereditarily paracompact space and Q is a closed subset of RQ which is not Gδ in RQ.
So, RQ is not metrizable. Being first-countable, the Michael’s line RQ has an ω
ω-base. Taking into account that
the Michael’s line RQ has countable set Q of non-isolated points, we can apply Corollary 7.6.3 and conclude
that the universal preuniformity of RQ has an ω
ω-base. By Proposition 3.3.2, the universal uniformity of RQ
has an ωω-base, too.
Proposition 7.6.5. If the universal preuniformity pUX of a topological space X has an ωω-base, then
|X ′P | ≤ ω and |X ′| < d.
Proof. Let {Uα}α∈ωω be an ωω-base of the universal preuniformity pUX .
The inequality |X ′P | ≤ ω follows from the reduction ωω < pUX < ωX
′P
established in Theorem 7.6.2 and
the non-reduction ωω 6< ωω1 proved in Proposition 2.4.1(2).
Next, we prove that |X ′| < d. To derive a contradiction, assume that |X ′| ≥ d. Fix a cofinal subset D ⊂ ωω
of cardinality |D| = d = cof(ωω). Let x : D → X ′ be an injective map. Choose a neighborhood assignment
U ⊂ X ×X such that U [x(α)] 6⊂ Uα[x(α)] for all α ∈ D (the choice of U is possible as the points x(α), α ∈ D,
are non-singular). Since (Uα)α∈D is a base of the universal preuniformity pUX ∋ U , there exists α ∈ D such
that Uα ⊂ U and hence Uα[x(α)] ⊂ U [x(α)], which contradicts the choice of U . This contradiction shows that
|X ′| < d. 
Under b = d we have the following characterization of topological spaces whose universal preuniformity
has an ωω-base.
Theorem 7.6.6. Under b = d the universal preuniformity pUX of a topological space X has an ωω-base if
and only if X has an ωω-base, |X ′| < b = d and |X ′P | ≤ ω.
Proof. The “only if” part was proved in Proposition 7.6.5. To prove the “if” part, assume that the space
X has an ωω-base, |X ′| < b = d and |X ′P | ≤ ω. By Corollary 2.3.4, for every x ∈ X ′ \X ′P , we get b ∼= Tx(X).
By Proposition 2.4.1(3), e(b) ≥ cof(b) = b > |X ′ \ X ′P |. Consequently, ωω < bX
′\X′P ∼=
∏
x∈X′\X′P Tx(X).
Applying Theorem 7.6.2, we conclude that
ωω ∼= ωω × (ωω)ω <
∏
x∈X′\X′P
Tx(X)×
∏
x∈X′P
Tx(X) < pUX .

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Under d = ω1 the characterization given in Theorem 7.6.6 simplifies to the following form (whose ZFC
part is proved in Corollary 7.6.3).
Theorem 7.6.7. Under d = ω1 the universal preuniformity pUX of a topological space X has an ωω-base
if and only if X has an ωω-base and the set X ′ of non-singular points of X is at most countable.
7.7. Topological spaces with ωω-based universal quasi-uniformity
In this section we study topological spaces whose universal quasi-uniformity has an ωω-base. We recall
that the universal quasi-uniformity qUX of a topological space X is generated by the base consisting of the
entourages
⊗
n∈ω Un where (Un)n∈ω ∈ pU
ω
X is a sequence of neighborhood assignments on X . This description
of qUX implies the following proposition.
Proposition 7.7.1. The universal quasi-uniformity qUX of a topological space X has an ωω-base if the
universal preuniformity pUX of X has an ωω-base.
Corollary 7.7.2. The universal quasi-uniformity qUX of a topological space X has an ωω-base if the
space X has an ωω-base and the set X ′ of non-singular points of X is countable.
Corollary 7.7.3. The universal quasi-uniformity qUX of a topological space X has an ωω-base if the
space X has an ωω-base, |X ′| < b = d and |X ′P | ≤ ω.
Proposition 3.3.3(2) implies
Corollary 7.7.4. If the universal quasi-uniformity of a topological space X has an ωω-base, then for
every closed subspace Z ⊂ X the universal quasi-uniformity qUZ has an ωω-base.
Now we our aim is to prove that for any topological space X with ωω-based universal quasi-uniformity qUX
all compact Hausdorff subspaces of X are countable. To prove this result we need to establish some reductions
involving the poset qUX .
A function f : X → ω defined on a topological space X is called lower semicontinuous if for any n ∈ ω
the set {x ∈ X : f(x) > n} is open in X . By LSC(X) we denote the set of all lower semicontinuous functions
f : X → ω. The set LSC(X) is endowed with the partial order inherited from RX .
For a topological space X by K(X) we denote the hyperspace of all compact subsets endowed with the
Vietoris topology. If X is compact and metrizable, then so is the hyperspace K(X), see [37, 3.12.27, 4.5.23].
The set K(X) is endowed with the inclusion partial order (A ≤ B iff A ⊂ B). In the countable power K(X)ω
consider the subset
covω(X) = {(Kn)n∈ω ∈ K(X)
ω : X =
⋃
n∈ω
Kn}
endowed with the partial order, inherited from K(X)ω .
Lemma 7.7.5. For any compact Hausdorff space X we get the reduction LSC(X) < covω(X).
Proof. The monotone cofinal map LSC(X) → covω(X), ϕ 7→
(
ϕ−1
[
(−∞, n]
])
n∈ω
, witnesses that
LSC(X) < covω(X). 
The proof of the following lemma was suggested by Zoltan Vidnyanszky1.
Lemma 7.7.6. For the Cantor cube X = 2ω the subspace covω(X) of the compact metrizable space K(X)ω
is not analytic.
Proof. By [63, 14.2, 14.3], there exists a Gδ-subset G ⊂ X × X whose projection A = {x ∈ X : ∃y ∈
X (x, y) ∈ G} is not Borel. Write the complement (X ×X) \ G as the countable union
⋃
n∈ω Fn of compact
subsets Fn of X×X . It is easy to see that for every n ∈ ω the map sn : X → K(X), sn : x 7→ {y ∈ X : (x, y) ∈
Fn}, is Borel. Then maps sn, n ∈ ω, determine a Borel map s : X → K(X)ω, s : x 7→ (sn(x))n∈ω . Observe
that
s−1(covω(X)) = {x ∈ X : X =
⋃
n∈ω
sn(x)} = X \A.
1http://mathoverflow.net/questions/248023/is-the-space-of-countable-closed-covers-of-the-cantor-set-analytic
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Assuming that the set covω(X) is analytic in K(X)ω, we can apply Proposition 14.4 of [63] and conclude that
its preimage X \ A = s−1(covω(X)) is an analytic subset of X . By Souslin Theorem [63, 14.11], the set A is
Borel (being analytic and coanalytic). But this contradicts the choice of the set G. 
Lemma 7.7.7. For the Cantor cube X = 2ω we get the reduction qUX < LSC(X).
Proof. Identify the Cantor cube 2ω with the standard Cantor set on [0, 1] and endow X with the metric d
inherited from the real line R. This metric has the following property: for any ε, δ > 0 and x ∈ X the inclusion
Bd(x, δ) ⊂ Bd(x, ε) implies δ ≤ 2ε. For every entourage U ∈ qUX consider the function nU : X → ω assigning
to each point x ∈ X the number nU (x) = min{n ∈ ω : Bd(x, 2−n) ⊂ U [x]}. The function nU determines the
lower-semicontinuous function
nˇU : X → ω, nˇU : x 7→ max
Ox∈Tx(X)
minnU (Ox).
It is clear that nˇU ≤ nU and the map nˇ∗ : qUX → LSC(X), nˇ∗ : U 7→ nˇU , is monotone. It remains to prove
that the map nˇ∗ is cofinal.
Given any lower semicontinuous function ϕ ∈ LSC(X), consider the entourage
U = {(x, y) ∈ X ×X : y ∈ Bd(x, 2
−ϕ(x)−1)}.
Claim 7.7.8. U ∈ qUX .
Proof. For every n ∈ ω consider the neighborhood assignment
Vn = {(x, y) ∈ X ×X : d(x, y) <
2−ϕ(x)
2n+4 , ϕ(y) > ϕ(x) −
1
2n } ∈ pUX .
The lower semicontinuity of the function ϕ ensures that the entourage Vn is a well-defined neighborhood
assignment on X . The definition of the universal quasi-uniformity qUX guarantees that
⊗
n∈ω Vn ∈ qUX .
We claim that
⊗
n∈ω Vn ⊂ U . Given any pair (x, y) ∈
⊗
n∈ω Vn, find n ∈ ω and a permutation σ ∈ Sn
such that (x, y) ∈ Vσ(0) · · ·Vσ(n−1). It follows that there exists a sequence of points x = x0, x1, . . . , xn = y
such that xi+1 ∈ Vσ(i)[xi] for all i ∈ n. Then for every i ∈ n the definition of the entourage Vσ(i) yields the
inequalities
d(xi+1, xi) <
2−ϕ(xi)
2σ(i)+4
and ϕ(xi+1) > ϕ(xi)−
1
2σ(i)
,
which imply
ϕ(xi+1) > ϕ(x0)−
∑
j≤i
1
2σ(j)
> ϕ(x) − 2, d(xi+1, xi) <
2−ϕ(xi)
2σ(i)+4
<
22−ϕ(x)
2σ(i)+4
=
2−ϕ(x)
2σ(i)+2
and finally
d(x, y) ≤
∑
i∈n
d(xi, xi+1) <
∑
i∈n
2−ϕ(x)
2σ(i)+2
< 2−ϕ(x)−1.
Now we see that (x, y) ∈ U and hence
⊗
n∈ω Vn ⊂ U and U ∈ qUX . 
By Claim 7.7.8, U ∈ qUX . For every x ∈ X the definition of the number n = nU (x) ensures that
Bd(x, 2
−n) ⊂ U [x] = Bd(x, 2−ϕ(x)−1 and hence 2−n ≤ 2·2−ϕ(x)−1 = 2−ϕ(x) according to the choice of the metric
d. Then nU (x) = n ≥ ϕ(x). By the lower semicontinuity of the function ϕ, the point x has a neighborhood
Ox ∈ Tx(X) such that ϕ[Ox] ⊂ [ϕ(x),+∞). Then nU [Ox] ⊂ [ϕ(x),+∞) and hence nˇU (x) ≥ inf nU [Ox] ≥ ϕ(x).
Therefore ϕ ≤ nˇU , which completes the proof of the cofinality of the monotone map nˇ∗ : qUX → LSC(X). 
Now we can prove the promised theorem.
Theorem 7.7.9. If the universal quasi-uniformity qUX of a compact Hausdorff space X has an ωω-base,
then X is countable.
Proof. By Theorem 6.5.1(2), the compact Hausdorff space X is metrizable. Assuming that X is un-
countable, we can apply [63, 6.2] and find a subspace Z ⊂ X , homeomorphic to the Cantor cube 2ω. By
Lemmas c:qu-sub, 7.7.5 and 7.7.7,
ωω < qUZ < LSC(Z) < covω(Z).
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So, we can fix a monotone cofinal map f : ωω → covω(Z). For every α ∈ ωω consider the upper set Kα =
{y ∈ K(Z)ω : y ≥ f(α)} ⊂ K(Z)ω and observe that (Kα)α∈ωω is a compact resolution of the subspace covω(Z)
of the compact metrizable space K(Z)ω . By Lemma 1.5.1, the space covω(Z) is analytic, which contradicts
Lemma 7.7.6. This contradiction shows that compact space X is countable. 
Theorem 7.7.10. Assume that for a Tychonoff space X the universal quasi-uniformity qUX has an ωω-
base. Then
(1) the universal uniformity UX of X has an ωω-base.
(2) the set X ′s is countable and closed in X.
(3) If ω1 < b, then the set X
′P is countable and closed in X.
Proof. 1. Proposition 3.3.2 implies that ωω ∼= (ωω)ω < (qUX)ω < UX , which means that UX has an
ωω-base.
2. By Theorem 7.2.1, the space Z = X ′s is cosmic and closed in X . By Corollary 7.7.4, the universal quasi-
uniformity qUZ of the space Z has an ωω-base. By the first statement, the universal uniformity UZ of Z has
an ωω-base. By Theorem 7.2.1(9), the separable space Z is σ-compact. By Corollary 7.7.4 and Theorem 7.7.9,
the σ-compact space Z = X ′s is countable.
3. If ω1 < b, then by Theorem 7.4.2(1), the set X
′P is closed in X and the complement X ′P \X ′s is at
most countable. By the second statement, the set X ′s is countable and so is the set X ′P . 
Corollary 7.7.11. For a Tychonoff Σ-space X with |X ′\X ′s| ≤ ω the following conditions are equivalent:
(1) the universal pre-uniformity pUX has an ωω-base;
(2) the universal quasi-uniformity qUX has an ω
ω-base;
(3) the space X has an ωω-base and the set X ′ of non-isolated points of X is at most countable.
Proof. The implications (3) ⇒ (1) ⇒ (2) were proved in Corollary 7.6.3 and Proposition 7.7.1, respec-
tively. The implication (2)⇒ (3) follows from Theorem 7.7.10(2). 
7.8. Topological spaces with ωω-based universal uniformity
In this section we shall detect topological spaces X whose universal uniformity UX has an ωω-base. Such
spaces will be called universally ωω-based. We recall that the universal uniformity UX on X is generated by
the base consisting of the entourages [d]<1 = {(x, y) ∈ X ×X : d(x, y) < 1} where d runs over the family of
all continuous pseudometrics on X . For a paracompact space X the universal uniformity UX is generated by
the family of entourages
⋃
V ∈V V × V where V runs over open covers of X . If the universal uniformity UX of
a Tychonoff space X has an ωω-base B, then the base B is universal and R-regular. So, all the results proved
in Sections 7.2, 7.3, 7.4, 7.5 hold for universally ωω-based Tychonoff spaces.
Proposition 3.3.2 and Corollary 7.6.3 imply the following proposition.
Proposition 7.8.1. If the universal preuniformity pUX of a topological space has an ωω-base, then the
universal uniformity UX of X has an ωω-base, too. Consequently, the universal uniformity UX has an ωω-base
if the topological space X has an ωω-base and the set X ′ of non-singular points of X is countable.
Next we define a property guaranteeing that an ωω-based topological space is universally ωω-based.
Definition 7.8.2. A topological space X is defined to be kσ-baseportating if X =
⋃
n∈ωKn for some
sequence (Kn)n∈ω of compact subsets of X such that for every n ∈ ω there exists a point en ∈ X and an
indexed family
(
tn,x : Ten(X) → Tx(X)
)
x∈Kn
of monotone cofinal maps tn,x : Ten(X) → Tx(X) such that for
every x ∈ Kn and neighborhood Ox ∈ Tx(X) there exist neighborhoods Vx ∈ Tx(Kn) and V ∈ Te(X) such that⋃
y∈Vx
tn,y(V ) ⊂ Ox.
This definition implies that each kσ-baseportating space is σ-compact. Also each countable space is kσ-
baseportating. Each σ-compact locally quasi-uniform baseportator (X, (tx)x∈X) is kσ-baseportating: write X
as the countable union X =
⋃
n∈ωKn of compact sets and for every n ∈ ω put en be the unit of X and
tn,x := tx for all x ∈ Kn. Proposition 4.1.4 guarantees that the transport maps tn,x is semicontinuous at (x, e)
and has the continuity property required in Definition 7.8.2. In particular, each σ-compact para-topological
portator is kσ-baseportating.
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Theorem 7.8.3. A kσ-baseportating Tychonoff space X has an ω
ω-base if and only if its universal unifor-
mity UX has an ωω-base.
Proof. The “if” part is trivial. To prove the “only if” part, assume that X is kσ-baseportating and write
X as the countable union X =
⋃
n∈ωKn of compact sets such that for every n ∈ ω there exists a point en ∈ X
and a family tn = (tn,x : Ten(X) → Tx(X))x∈Kn of monotone cofinal maps having the continuity property
required in Definition 7.8.2.
We are going to define a reduction
∏
n∈ω Ten(X) < UX . For every sequence S = (Vn)n∈ω ∈
∏
n∈ω Ten(X),
consider the neighborhood
WS =
⋃
n∈ω
⋃
x∈Kn
tn,x(Vn)
2 ⊂ X ×X
of the diagonal. Being σ-compact, the space X is paracompact. Consequently, the set WS belongs to the
universal uniformity UX of X .
It is clear that the map W∗ :
∏
n∈ω Ten(X)→ UX , W∗ : S 7→WS , is monotone. It remains to show that it
is cofinal.
Given any entourage V ∈ UX , find an entourage E ∈ UX such that EE−1 ⊂ V . For every n ∈ ω and every
x ∈ Kn the continuity property of the family tn yields neighborhoods Ox ∈ Tx(Kn) and Vn,x ∈ Ten(X) such
that
⋃
y∈Ox
tn,y(Vn,x) ⊂ E[x]. By the compactness of Kn, the open cover {Ox : x ∈ Kn} has a finite subcover
{Ox : x ∈ Fn}. Put Vn =
⋂
x∈Fn
Vn,x ∈ Ten(X) and observe that for every x ∈ Kn there exists z ∈ Kn with
x ∈ Oz , which implies that tn,x(Vn) ⊂ tn,x(Vn,z) ⊂ E[z] (by the choice of the neighborhoods Oz and Vn,z).
Then for any points u, v ∈ tn,x(Vn) ⊂ E[z] we get z ∈ E
−1[v] and u ∈ EE−1[v], which implies (v, u) ∈ EE−1
and finally tn,x(Vn) × tn,x(Vn) ⊂ EE−1. Then for the sequence S = (Vn)n∈ω ∈
∏
n∈ω Ten(X) the set WS is
contained in EE−1 ⊂ V , witnessing that the map W∗ is cofinal.
If the space X has a neighborhood ωω-base at each point en, n ∈ ω, then we get the reduction
ωω ∼= (ωω)ω <
∏
n∈ω
Ten(X) < UX ,
witnessing that the universal uniformity UX of X has an ωω-base. 
Taking into account that σ-compact paratopological groups are kσ-baseportating, we get the following
corollary.
Corollary 7.8.4. A σ-compact Tychonoff paratopological group (more generally, para-topological lop) X
has an ωω-base if and only if the universal uniformity UX has an ωω-base.
This corollary is not true for quasi-topological groups. We recall that a quasi-topological group is a group
G endowed with a topology making the map G × G → G, (x, y) 7→ xy−1, separately continuous. It is clear
that each quasi-topological group is a topologically homogeneous space.
Example 7.8.5. By [8, 4.11], there exists a first-countable cosmic σ-compact quasi-topological group X ,
which is not an ℵ0-space. Being first countable, the space X has an ωω-base. By Theorem 6.6.6, the space X
has no (locally) uniform ωω-base, which implies that the universal uniformity UX of X does not have ωω-base.
For metrizable σ′-compact spaces an ωω-base of the universal uniformity can be constructed without any
homogeneity properties of the space. We recall that a topological space X is σ′-compact if the set X ′ of
non-isolated points of X is σ-compact. The following fact was proved in [65].
Theorem 7.8.6 (Leiderman-Pestov-Tomita). For any metrizable σ′-compact space X the universal uni-
formity UX of X has an ωω-base.
Proof. For a convenience of the reader we present a short proof of this theorem. Fix a metric d generating
the topology of X and for ε > 0 and x ∈ X let Bd(x, ε) = {y ∈ X : d(x, y) < ε} be the ε-ball centered at x.
Since X is σ′-compact, the set X ′ of non-isolated points of X can be written as the union X ′ =
⋃
n∈ωKn of
an increasing sequences of compact sets in X . For every function α ∈ ωω consider the entourage
Uα = ∆X ∪
⋃
n∈ω
⋃
x∈Kn
Bd
(
x, 1
2α(n)
)
×Bd
(
x, 1
2α(n)
)
.
Using the paracompactness of the metrizable space X , it can be shown that (Uα)α∈ωω is an ω
ω-base of the
universal uniformity UX of X . 
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Combining Theorem 7.8.6 with Theorem 7.2.1(9) we get the following characterization.
Theorem 7.8.7. A metrizable space X is σ′-compact if and only if its universal uniformity UX has an
ωω-base.
Remark 7.8.8. Theorem 7.8.7 can be compared with a results of Ginsburg [49] saying that the universal
uniformity UX of a Tychonoff space X has an ω-base if and only if X is a metrizable space with compact set
X ′ of non-isolated points.
A map f : X → Y between topological spaces is called R-quotient if for any function ϕ : Y → R the
continuity of ϕ is equivalent to the continuity of the composition ϕ ◦ f : X → R. It is clear that each quotient
maps is R-quotient.
Proposition 7.8.9. Let f : X → Y be an R-quotient map between Tychonoff spaces. Then f is uniformly
quotient with respect to the universal uniformities on the spaces X and Y . Consequently, the space Y is
universally ωω-based if the space X is universally ωω-based.
Proof. This proposition will follow from Proposition 6.8.3 as soon as we check that the R-quotient map
f : X → Y is uniformly quotient (with respect to the universal uniformities of the spaces X and Y ).
Given a continuous pseudometric dY on Y we need to show that the pseudometric dX = dY (f × f) is
continuous. By the triangle inequality, it suffices to show that for every point x0 ∈ X the map dX(x0, ·) : X →
R, dX(x0, ·) : x 7→ dX(x0, x) = dY (f(x0), f(x)), is continuous. Since the map f : X → Y is R-quotient, the
continuity of the map dY (f(x0), ·) : Y → R implies the continuity of the map dX(x0, ·) = dY (f(x0), ·) ◦ f . 
Combining Theorem 7.8.6 with Proposition 7.8.9, we get the following theorem.
Theorem 7.8.10. The universal uniformity UX of a Tychonoff space X has an ωω-base if X is the image
of a σ′-compact metrizable space M under an R-quotient map f :M → X.
This theorem motivates the following problem (which will be resolved affirmatively for Lasˇnev spaces in
Theorem 8.2.1).
Problem 7.8.11. Assume that the universal uniformity UX of a σ-compact Tychonoff space X has an
ωω-base. Is X an R-quotient image of a σ-compact metrizable space?
We shall say that a topological space X carries the inductive topology generated by a family C of subspaces
of X if a subset U ⊂ X is open in X if and only if for every C ∈ C the intersection C ∩ U is relatively open in
C.
Corollary 7.8.12. A Tychonoff space X is universally ωω-based if X carries the inductive topology
generated by a countable cover C consisting of universally ωω-based subspaces of X.
Proof. Endow the family C with the discrete topology and consider the topological sum ⊕C =
⋃
C∈C{C}×
C ⊂ C × X of the family C. Taking into account that U⊕C ∼=
∏
C∈C UC , we conclude that the space ⊕C is
ωω-based. Since the projection pr : ⊕C → X , pr : (C, x) 7→ x, is quotient and hence R-quotient, we can apply
Theorem 7.8.10 and conclude that the space X is universally ωω-based. 
We recall that a topological space X is called a kω-space if X carries the inductive topology generated by a
countable cover C consisting of compact subsets of X . Corollary 7.8.12 and Theorem 7.8.6 imply the following
known fact (see [43, 1.14]), which improves Proposition 6.1.8.
Corollary 7.8.13. Each cosmic kω-space is universally ω
ω-based.
Now we evaluate some cardinal characteristics of universally ωω-based spaces. First we remark that for a
Tychonoff space X the additivity add(UX) of the universal uniformity UX is local in the following sense.
Proposition 7.8.14. For any non-discrete Tychonoff space X we get
add(UX) = min{add(Tx(X)) : x ∈ X
′}.
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Proof. Consider the cardinal κ = min{add(Tx(X) : x ∈ X ′} ≥ ω and find a (non-isolated) point x ∈ X ′
such that add(Tx(X)) = κ.
By the definition of the cardinal add(Tx(x)), there exists a family (Uα)α∈κ of neighborhoods of x such that⋂
α∈κ Uα is not a neighborhood of x. For every α ∈ κ choose an entourage Vα ∈ UX such that Vα[x] ⊂ Uα and
observe that
⋂
α∈κ Vα /∈ UX witnessing that add(UX) ≤ κ.
Now we prove that add(UX) ≥ κ. This inequality is clear if κ = ω. So, we assume that κ > ω. Given any
subfamily V ⊂ UX of cardinality |V| < κ, we need to check that
⋂
V ∈ UX . Replacing V by a largest subfamily
of cardinality < κ, we can additionally assume that for every V, V ′ ∈ V there exists U ∈ V such that U = U−1
and UU ⊂ V ∩ V ′. Then the intersection E =
⋂
V is an equivalence relation on X . For every non-isolated
point x ∈ X the inequality |V| < κ ≤ add(Tx(X)) implies that E[x] =
⋂
V ∈V V [x] is a neighborhood of x. This
means that the equivalence classes of the relation E are open and hence the quotient map q : X → X/E to the
quotient space endowed with the discrete topology is continuous. It follows that the {0, 1}-valued pseudometric
d : X ×X → {0, 1} defined by
d(x, y) =
{
1, if x ∈ E(y),
0, otherwise,
is continuous and hence the entourage
⋂
V = E = {(x, y) ∈ X : d(x, y) < 1} belongs to the universal uniformity
UX of X . 
By Theorems 7.2.1(7) and 7.4.1 for every continuous map f : X → Y from a universally ωω-based Tychonoff
space X to a metric space Y the image f [X ′s] is σ-compact and the image f [X ′P ] is separable. In the following
Theorem 7.8.16 we evaluate the density of the image f [X ′]. First we prove a lemma.
Lemma 7.8.15. If a Tychonoff space X is universally ωω-based, then for every entourage U ∈ UX there
exists a set C ⊂ X ′ of cardinality |C| < d such that X ′ ⊂ U [C].
Proof. Given any entourage U ∈ UX , choose an entourage V ∈ UX such that V −1V ⊂ U . Using the Zorn
Lemma, choose a maximal subset C ⊂ X ′ such that V [x] ∩ V [y] = ∅ for any distinct points x, y ∈ X ′. By the
maximality of C, for every x ∈ X ′ there exists y ∈ C such that V [x]∩V [y] 6= ∅ and hence x ∈ V −1V [y] ⊂ U [y].
So, X ′ ⊂ U [C].
It remains to prove that |C| < d. To derive a contradiction, assume that |C| ≥ d and choose a transfinite
sequence (xα)α∈d of pairwise distinct points of the set C. Let W ∈ UX be an entourage such that W = W−1
and WW ⊂ V . Since the family (V [xα])α∈d is disjoint, the family (W [xα])α∈d is discrete in X .
Let D ⊂ ωω be a dominating set of cardinality |D| = d. By our assumption, the uniformity UX has an
ωω-base {Uα}α∈ωω . It follows that {Uα}α∈D is a base of the uniformity UX . Replacing each entourage Uα
by Uα ∩W , we can additionally assume that Uα ⊂ W for all α ∈ ωω. In this case the family (Uα[xα])α∈d is
discrete in X .
For every α ∈ D choose a point yα ∈ Uα[xα] \ {xα}. Such point yα exists since the point xα is not isolated
in X . Since the space X is Tychonoff, there exists a continuous map fα : X → [0, 1] such that fα(xα) = 1
and fα(z) = 0 for any point z ∈ {yα} ∪ (X \ Uα[xα]). Now consider the continuous map f : X → ℓ2(d),
f : x 7→ (fα(x))α∈d, to the Hilbert space ℓ2(d) of density d. This map is continuous since the family (Uα[xα])α∈d
is discrete in X . It follows that the entourage E = {(x, y) ∈ X×X : ‖f(x)−f(y)‖ < 1} belongs to the universal
uniformity UX of X . Consequently, Uα ⊂ E for some α ∈ D and hence ‖f(yα) − f(xα)‖ < 1. On the other
hand, 1 = |fα(xα) − fα(yα)| ≤ ‖f(xα) − f(yα)‖ < 1. This contradiction completes the proof of the strict
inequality |C| < d. 
Theorem 7.8.16. If the universal uniformity of a Tychonoff space X has an ωω-base, then for any con-
tinuous map f : X → Y to a metric space Y the image f(X ′) has density < d.
Proof. Let dY be the metric of the metric space Y . By the definition of the universal uniformity UX ,
for every n ∈ ω the entourage Un = {(x, x′) ∈ X × X : d(f(x), f(x′)) < 2−n} belongs to the uniformity
UX . By Lemma 7.8.15, there exists a subset Cn ⊂ X
′ of cardinality |C′| < d such that X ′ ⊂ Un[Cn]. Since
cof(d) ≥ b > ω, the set D =
⋃
n∈ω f(Cn) has cardinality |D| < d. It is easy to see that the set D is dense in
f(X ′), which implies that the set f(X ′) has density < d. 
Corollary 7.8.17. Under d = ω1, for any universally ω
ω-based Tychonoff space X the set X ′ is ω-narrow
in X.
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Corollary 7.8.18. If the universal uniformity of a Tychonoff space X has an ωω-base, then the space X ′
of non-isolated points has topological weight w(X ′) ≤ d.
Proof. Let D ⊂ ωω be a dominating set of cardinality |D| = d. To prove that X ′ has topological weight
≤ d, for every α ∈ D choose a maximal subset Cα ⊂ X ′ such that Uα[x] ∩ Uα[y] = ∅ for any distinct points
x, y ∈ Cα. Lemma 7.8.15 implies that the set Cα has cardinality |Cα| < d. Then the union C′ =
⋃
α∈D Cα has
cardinality |C′| ≤ d. It is easy to see that B = {X ′ ∩ Uα[c] : α ∈ D, c ∈ C′} is a base of the topology of the
space X ′. Consequently, w(X ′) ≤ |B| ≤ d. 
Lemma 7.8.15 can be reformulated in the language of the sharp covering number cov♯(X ′;UX) of the set
X ′ in X .
For a subset A of a uniform space X the sharp covering number cov♯(A;UX) of A in X is defined as the
smallest cardinal κ such for every entourage U ∈ UX there exists a set C ⊂ A of cardinality |C| < κ such that
A ⊂ U [C]. Lemma 7.8.15 can be reformulated as follows.
Lemma 7.8.19. If the universal uniformity of a Tychonoff space X has an ωω-base, then cov♯(X ′;UX) ≤ d.
CHAPTER 8
ω
ω-Bases in σ-products of cardinals, Lasˇnev and GO-spaces
In this chapter we construct some “pathological” examples of topological spaces with an ωω-base. In
Section 8.1 we detect ωω-bases in σ-products of cardinals and construct a consistent example of a non-separable
Lindelo¨f topological group whose universal uniformity has an ωω-base. Section 8.2 is devoted to detecting ωω-
bases in Lasˇnev spaces and constructing an example of a countable sequential P0-space without ω
ω-base. In
Sections 8.3 – 8.5 we apply Theorem 8.2.1 to characterizing universally ωω-based Lasˇnev or metrizable spaces
and detecting universally ωω-based σ-compact spaces. In Section 8.7 we detect generalized ordered spaces with
an ωω-base and in Section 8.8 prove some upper bounds on the cardinality of countably tight Hausdorff spaces
with an ωω-base.
8.1. ωω-Bases in σ-products of cardinals
Given a cardinal κ and a transfinite sequence of cardinals (λi)i∈κ, consider the σ-product⊙
i∈κ λi =
{
x ∈
∏
i∈κ λi : |{i ∈ κ : x(i) 6= 0| < ω
}
,
endowed with the topology generated by the base consisting of the sets
Uα[x] = {y ∈
⊙
i∈κ λi : y|α = x|α}, x ∈
⊙
i∈κ λi, α ∈ κ.
It is easy to see that the space
⊙
i∈κ λi is homeomorphic to a topological group.
If all cardinals λi, i ∈ κ, are equal to a fixed cardinal λ, then the σ-product
⊙
i∈κ λi will be denoted by
λ⊙κ. For κ = ω1 the space λ
⊙κ was introduced by Comfort and Ross in [30] and then discussed in the book
[7, 4.4.11].
Theorem 8.1.1. For any regular uncountable cardinal κ and a transfinite sequence (λi)i∈κ of cardinals
1 < λi < κ the space X =
⊙
i∈κ λi has the following properties:
(1) For each open cover V there exists an ordinal α ∈ κ such that for each x ∈ X the set Uα[x] = {y ∈
X : y|α = x|α} is contained in some set V ∈ V;
(2) The space X is paracompact and the universal uniformity UX of X is generated by the base consisting
of the sets Uα = {(x, y) ∈ X ×X : x|α = y|α} where α ∈ κ.
(3) UX ∼= κ ∼= Tx(X) for all x ∈ X.
(4) pUX ∼= κκ ∼= qUX .
Proof. Let U be the uniformity on the space X =
⊙
i∈κ λi, generated by the base {Uα}α∈κ where
Uα = {(x, y) ∈ X × X : x|α = y|α}. It is clear that this uniformity generates the topology of X . By the
definition of the space X =
⊙
i∈κ λi, every element x ∈ X has finite support supp(x) = {i ∈ κ : x(i) 6= 0} ⊂ κ.
1,2. Let V be any open cover of X . For any x ∈ X find a set Vx ∈ V containing x and an ordinal
ix ∈ κ such that Uix [x] ⊂ Vx. Let α0 = 0 and αn+1 = sup{ix + 1 : x ∈ X, supp(x) ⊂ in} for n ∈ ω.
The regularity of the uncountable cardinal κ ensures that the set {x ∈ X : supp(x) ⊂ αn} has cardinality
|
⊙
i<αn
λi| < κ, which implies that the ordinals αn, n ∈ ω, are well-defined. Since cof(κ) = κ > ω, the ordinal
α = supn∈ω αn =
⋃
n∈ω αn belongs to κ. It follows that for every x ∈ X with supp(x) ⊂ α we get ix < α and
hence Uα[x] ⊂ Uix [x] ⊂ Vx ∈ V . Then {Uα[x] : x ∈ X, supp(x) ⊂ α} is a disjoint open cover of X refining the
cover V . This implies that the space X is paracompact and the universal uniformity of X coincides with the
uniformity U .
3. The description of the universal uniformity UX of the space X implies that UX ∼= κ ∼= Tx(X) for all
x ∈ X .
4. Since X ′ = X , Theorem 7.6.2 guarantees that pUX ∼=
∏
x∈X Tx(X)
∼= κX ∼= κκ. Proposition 3.3.2
implies that κκ ∼= (κκ)ω ∼= (pUX)ω < qUX . It remains to prove that qUX < κκ.
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Identify each ordinal α ∈ κ with its characteristic function α¯ : κ → {0, 1} (so that α¯−1(1) = {α}). For
each entourage U ∈ qUX consider the function ξU : κ→ κ assigning to each ordinal α ∈ κ the smallest ordinal
ξU (α) ∈ κ such that UξU (α)[α¯] ⊂ U [α¯]. It is clear that the map ξ∗ : qUX → κ
κ, ξ∗ : U 7→ ξU , is well-defined
and monotone. To show that this map is cofinal, take any function ϕ ∈ κκ and consider the function ψ ∈ κκ
defined by ψ(α) = sup({α} ∪ {ϕ(β) : β ≤ α}) for α ∈ κ. Let µ : X → κ be the function assigning to each
element x ∈ X the largest element of the finite set {0} ∪ supp(x).
Consider the neighborhood assignment U = {(x, y) : y ∈ Uψ◦µ(x)[x]} and observe that UU ⊂ U and hence
U ∈ qUX . We claim that ξU ≥ ϕ. Indeed, for every α ∈ κ we get ψ ◦ µ(α¯) = ψ(α) and hence U [α¯] = Uψ(α)[α¯],
which implies that ξU (α) = ψ(α) ≥ ϕ(α). Therefore, the monotone map ξ∗ : qUX → κκ is cofinal and hence
qUX < κκ. 
Remark 8.1.2. For any infinite cardinal κ and a sequence (λi)i∈κ of non-zero at most countable cardinals
λi the space
⊙
i∈κ λi is homeomorphic to the closed subspace
{f ∈ Ck(κ, ω) : ∀i ∈ κ f(i+ 1) ∈ λi} ∩ {f ∈ Ck(κ, ω) : f(i) = 0 for any limit ordinal i ∈ κ}
of the function space Ck(κ, ω).
Theorem 8.1.1 allows us to construct the following example whose properties are similar to the properties
of the function space Ck(ω1,Z) (see Corollary 6.3.8).
Example 8.1.3. For any transfinite sequence (λi)i∈ω1 of at most countable cardinals λi > 1 the space
X =
⊙
i∈ω1
λi has the following properties:
(1) X is a non-separable Lindelo¨f P -space, homeomorphic to a topological group.
(2) The universal uniformity UX of X has an ωω-base if and only if ω1 = b.
(3) The universal preuniformity pUX of X has an ω
ω-base if and only if the universal quasi-uniformity
qUX of X has an ωω-base if and only if ωω < (ω1)ω1 .
Remark 8.1.4. By Theorem 2.4.12, the reduction ωω < (ω1)
ω1 is consistent with ZFC. On the other hand,
e♭ = ω1 (which follows from b = d) implies that ω
ω 6< (ω1)ω1 .
Theorem 8.1.1 admits a self-generalization.
Theorem 8.1.5. For any uncountable regular cardinal κ and a transfinite sequence of non-zero cardinals
(λi)i∈κ such that 1 < λi < κ for all non-zero i ∈ κ, the space X =
⊙
i∈κ λi and its universal uniformity UX
have the following properties:
(1) pUX ∼= κX ∼= qUX , UX ∼= κλ0 and Tx(X) ∼= κ for all x ∈ X;
(2) add(UX) = κ, cof(UX) = cof(κλ0 ), and cov♯(X ;UX) = max{κ, λ
+
0 };
(3) X ′ = X, X ′P = ∅;
(4) X is a paracompact P -space, homeomorphic to a topological group.
8.2. ωω-Bases in Lasˇnev spaces
In this section we detect Lasˇnev spaces with a (universal) ωω-base. We recall that a topological space X
is Lasˇnev if X is the image of a metrizable space M under a closed continuous map f : M → X . By [50,
5.4], the map f can be assumed to be irreducible, which means that f [M ] = X but f(Z) 6= X for any closed
subset Z 6= M of M . By [50, §5], Lasˇnev spaces are Fre´chet-Urysohn, stratifiable and perfectly paracompact.
Separable Lasˇnev spaces are Fre´chet-Urysohn ℵ0-spaces [50, 11.3] and hence P0-spaces, see [8, 1.10].
Theorem 8.2.1. Let f : X → Y be a closed irreducible map of a metrizable space X onto a Lasˇnev space
Y .
(1) Y is first-countable at a point y ∈ Y if and only if f−1(y) is compact.
(2) Y is first-countable if and only if Y is metrizable if and only if f−1(y) is compact for every y ∈ Y .
(3) Y carries the inductive topology at a point y ∈ Y with respect to a countable cover of Y by (closed)
subspaces which are first countable at y if and only if f−1(y) is locally compact and σ-compact.
(4) Y carries the inductive topology with respect to a countable cover by first-countable (metrizable) closed
subspaces if and only if X =
⋃
n∈ωX
◦
n for an increasing sequence (Xn)n∈ω of closed subsets of X
such that Xn ∩ f−1(y) is compact for every n ∈ ω and y ∈ Y .
(5) Y has a neighborhood ωω-base at a point y ∈ Y if and only if f−1(y) is σ-compact.
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(6) Y is universally ωω-based if and only if X is σ′-compact only if Y is σ′-compact.
Proof. The irreducibility of f implies that for every isolated point y ∈ Y the preimage f−1(y) is a
singleton and for every non-isolated point y ∈ Y the preimage f−1(y) is nowhere dense in X . Fix any function
s : Y → X such that f ◦ s is the identity map of Y . The irreducibility of the map f ensures that the set s(Y )
is dense in X .
1. Assume that for some point y ∈ Y the preimage K = f−1(y) is compact. For every n ∈ ω consider the
open neighborhood Un = {x ∈ X : ∃z ∈ f−1(y) d(z, x) <
1
2n } of f
−1(y) in X and the open neighborhood
Vn = Y \ f [X \ Un] of y in Y . We claim that {Vn}n∈ω is a neighborhood base at y. Indeed, for any open
neighborhood V ⊂ Y of y, the preimage f−1[V ] is an open neighborhood of f−1(y). By the compactness
of f−1(y), there is n ∈ ω such that Un ⊂ f−1[V ] and then Vn ⊂ V . Therefore, {Vn}n∈ω is a countable
neighborhood base at y and Y is first-countable at y. This completes the proof the “if” part of the first
statement.
To prove the “only if” part, assume that Y is first-countable at some point y ∈ Y . If the point y is isolated
in Y , then f−1(y) is compact, being a singleton. So, we assume that y is not isolated in Y . The irreducibility
of f ensures that the preimage f−1(y) is nowhere dense in X and hence is contained in the closure of the set
f−1[Y \ {y}]. The following claim guarantees that the set f−1(y) is compact.
Claim 8.2.2. Assume that a subspace Z ⊂ Y is first-countable at some point y ∈ Z. Then the set
P = f−1(y) ∩ f−1[Z \ {y}] is compact.
Proof. Assuming that the set P is not compact, we can find a discrete family (Un)n∈ω of open subsets
of X intersecting P . For every n ∈ ω choose a point xn ∈ Un ∩ P . Since P is contained in the closure of
f−1[Y \ {y}], the point xn is the limit of some sequence {xn,m}m∈ω ⊂ Un ∩ f−1[Z \ {y}]. Being first-countable
at the point y, the space Z has a countable neighborhood base {Vn}n∈ω at y. For every n ∈ ω the preimage
f−1[Vn] is an open neighborhood of the set f
−1(y) ⊃ {xn}n∈ω in f−1[Z] ⊃ {xn,m : n,m ∈ ω}. So, for every
n ∈ ω we can find a number mn ∈ ω such that xn,mn ∈ f
−1[Vn]. Since the family (Un)n∈ω is discrete in X , the
set D = {xn,mn : n ∈ ω} is closed in X and the set V = Y \ f [D] is an open neighborhood of y in Y such that
V ∩ Z 6⊂ Vn for all n ∈ ω. But this contradicts the choice of (Vn)n∈ω as a neighborhood base of Z at y. 
2. By Theorem 8.2.1(1), the space Y is first-countable if and only if for every y ∈ Y the preimage f−1(y)
is compact. In this case the map f is perfect and the space Y is metrizable by [37, 4.4.15].
3. If for some point y ∈ Y the space f−1(y) is locally compact and σ-compact, then using the normality
of the metrizable space X , we can find a continuous map ~ : X → [0,∞) such that for every n ∈ ω the set
~−1
[
[0, n]
]
∩f−1(y) is compact and non-empty. For every n ∈ ω consider the closed subset Xn := ~−1
[
[0, n]
]
of
X and its image Yn = f [Xn], which is a closed subset of Y . By (the proof of) the first item, the compactness
of the set Xn ∩ f
−1(y) implies that the space Yn is first countable at y. We claim that the space Y has the
inductive topology at y with respect to the closed countable cover {Yn}n∈ω. We need to prove that a subset
V ⊂ Y is a neighborhood of y if for every n ∈ ω the intersection V ∩ Yn is a neighborhood of y in Yn. This
means that for every n ∈ ω there exists an open neighborhood Vn ⊂ Y of y such that Vn ∩ Yn ⊂ V . It follows
that f−1[Vn] ∩ Xn ⊂ f−1[V ] and hence Xn ∩ f−1[V ] is a neighborhood of Xn ∩ f−1(y) in Xn. Since Xn
is contained in the interior of Xn+1, for every x ∈ Xn we can find a neighborhood Ox ⊂ X of x such that
Ox ⊂ Xn+1∩f−1(V ). Then the interior U of the set f−1[V ] contains the set f−1(y) and then V ⊃ Y \f [X \U ]
is a neighborhood of y in Y .
Now assume that Y has the inductive topology at a point y ∈ Y with respect to a countable cover (Yn)n∈ω
of Y by closed subsets that contain y and are first countable at y. If the point y is isolated in Y , then the
preimage f−1(y) is a singleton and hence is locally compact and σ-compact. So, we assume that y is not
isolated. Replacing each set Yn by
⋃
i≤n Yi, we can assume that the sequence (Yn)n∈ω is increasing. Since the
point y is not isolated in Y , it is not isolated in Yn for some n ∈ ω. Replacing the sequence (Yi)i∈ω by the
sequence (Yi)i≥n we can assume that y is not isolated in each space Yn.
For every n ∈ ω let Xn be the closure of the set f
−1[Yn \ {y}]. By Claim 8.2.2, the set Xn ∩ f
−1(y) is
compact. The local compactness and σ-compactness of f−1(y) will follow as soon as we check that each point
x ∈ f−1(y) has a neighborhood, contained in some set Xn. In the opposite case, for every n ∈ ω we can
construct a sequence {xn,m}m∈ω ∈ X \Xn that converges to x. Since f−1(y) is nowhere dense in X we can
additionally assume that {xn,m}m∈ω ∩ f−1(y) = ∅. Using the first-countability of X at x, we can choose a
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number sequence (mn)n∈ω ∈ ωω such that the diagonal sequence (xn,mn)n∈ω converges to x. The continuity
of f guarantees that the set F = {f(xn,mn)}n∈ω contains the point y = f(x) in its closure. On the other hand,
for every n ∈ ω the intersection F ∩ Yn is finite, which implies that Yn \ F is a neighborhood of y in Yn. Since
Y has the inductive topology at y with respect to the cover {Yn}n∈ω, the set Y \ F is a neighborhood of y,
which contradicts the inclusion y ∈ F¯ . This contradiction completes the proof of the local compactness and
σ-compactness of the preimage f−1(y).
4. Assume that X =
⋃
n∈ωX
◦
n for an increasing sequence (Xn)n∈ω of closed subsets of X such that
Xn ∩ f−1(y) is compact for every n ∈ ω and y ∈ Y . This means that for every n ∈ ω the restriction
f |Xn : Xn → Y is a perfect map and by [37, 4.4.15], the image Yn = f [Xn] is a closed metrizable subset of X .
Repeating the argument from the preceding case, we can prove that the space Y carries the inductive topology
with respect to the cover (Yn)n∈ω.
Now assume conversely that the space Y carries the inductive topology with respect to a countable cover
(Yn)n∈ω of Y by closed first-countable subspaces ofX . Remind that s : Y → X is a function such that f◦s is the
identity map of Y . For every n ∈ ω letXn be the closure of the set s[Yn] inX . We claim that for every y ∈ Y the
set f−1(y)∩Xn is compact. If the point y does not belong to Yn, then the set f−1(y)∩Xn ⊂ f−1(y)∩f−1[Yn] = ∅
is empty and hence compact. If y is isolated in Yn, then the set f
−1(y)∩Xn = {s(y)} is a singleton and hence
compact. If y is not isolated in Yn, then the set f
−1(y) ∩Xn ⊂ {s(y)} ∪ (f
−1(y) ∩ s[Yn \ {y}]) is compact by
Claim 8.2.2. It remains to prove that X =
⋃
n∈ωX
◦
n. Assuming the opposite, we could find a point x ∈ X
such that for each neighborhood Ox ⊂ X the sets Ox \ Xn, n ∈ ω, are not empty. The density of s[Y ] in
X implies that the sets Ox ∩ s[Y ] \ Xn, n ∈ ω, also are not empty. This allows us to construct a sequence
(xn)n∈ω ∈
∏
n∈ω s[Y ] \Xn, convergent to x. Then the sequence
{
f(xn)
}
n∈ω
⊂ Y converges to y.
We claim that for every n ∈ ω the point f(xn) does not belong to Yn. In the opposite case, s◦f(xn) ⊂ Xn.
Since xn ∈ s[Y ], there exists a point yn ∈ Y such that xn = s(yn). Applying to this equality the map f , we get
f(xn) = f ◦ s(yn) = yn and hence xn = s(yn) = s ◦ f(xn) ∈ Xn, which contradicts the choice of the point xn.
This contradiction shows that f(xn) /∈ Xn for all n ∈ ω. For every n ∈ ω consider the set Dn = {f(xi)}i≥n
and observe that Dn ∩ Ym ⊂ {f(xi) : n ≤ i < m} is finite and hence closed in Ym. Since X has the inductive
topology with respect to the cover (Ym)m∈ω, for every n ∈ ω the set Dn is closed in Y . Since (Ym)m∈ω is a
cover of Y , for some n ∈ ω the set Yn contains the point f(x). Then f(x) /∈ Dn and hence Y \Dn is an open
neighborhood of y in Y , which contradicts the convergence of the sequence Dn = {f(xk)}k≥n to f(x). This
contradiction completes the proof of the inclusion X =
⋃
n∈ωX
◦
n and also the proof of the “only if” part of
the fourth statement.
5. To prove the “if” part of the fifth statement, assume that the preimage f−1(y) of some point y ∈ Y is
σ-compact. Then f−1(y) can be written as the union
⋃
n∈ωKn of an increasing sequence (Kn)n∈ω of compact
subsets of X . Fix any metric d generating the topology of the metrizable space X . For every function α ∈ ωω
consider the neighborhood
Uα =
⋃
n∈ω
⋃
x∈Kn
Bd
(
x, 1
2α(n)
)
of f−1(y) and the neighborhood Vα = Y \ f [X \ Uα] of y. It follows that for every functions α ≤ β in ωω we
have the inequalities Uβ ⊂ Uα and Vβ ⊂ Vα.
Using the compactness of the sets Kn, n ∈ ω, it can be shown that each neighborhood of f
−1(y) in X
contains some neighborhood Uα, α ∈ ωω, which implies that each neighborhood V ⊂ Y of y contains some
neighborhood Vα, α ∈ ωω. This means that (Vα)α∈ωω is a neighborhood ωω-base at y.
Now we prove the “only if” part of the fifth statement. Assuming that the space Y has a neighborhood
ωω-base at some point y ∈ Y , we shall prove that the preimage f−1(y) is σ-compact. If the point y is isolated
in Y , then by the irreducibility of the map f , the preimage f−1(y) is a singleton and hence is σ-compact. So,
assume that y is not isolated in Y . In this case the set f−1(y) is nowhere dense in X . First we show that this
set is separable. Assuming that it is not separable, we can find a discrete family (Uγ)γ∈ω1 of open subsets of X ,
intersecting the non-separable set f−1(y). For every γ ∈ ω1 choose a point xγ ∈ Uγ ∩ f−1(y) and a sequence
{xγ,n} ⊂ s[Y ] ∩ Uγ \ f
−1(y), convergent to xγ . For every neighborhood V ∈ Ty(Y ) of y consider the function
ϕV : ω1 → ω assigning to each γ ∈ ω1 the smallest number nγ ∈ ω such that {xγ,n}n≥nγ ⊂ f
−1[V ]. It is clear
that the correspondence ϕ∗ : Ty(Y ) 7→ ωω1 , ϕV : V 7→ ϕV , is monotone. We claim that is also cofinal. Given
any function ψ ∈ ωω1 , consider the closed subset F = {xγ,n : γ ∈ ω1, n ≤ ψ(γ)} ⊂ s[Y ] \ f−1(y). Since the
map f is closed, the set f [F ] is closed in Y and the set V = Y \ f [F ] is an open neighborhood of y. Taking
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into account that the sets f−1[V ] and F are disjoint, we conclude that ϕV ≥ ψ, which completes the proof of
the cofinality of the map ϕ∗ : Ty(Y )→ ωω1 . Therefore Ty(Y ) < ωω1 and by Proposition 2.4.1(2), ωω 6< Ty(Y ),
which is a desired contradiction showing that the set f−1(y) is separable.
Taking into account that the closed separable subset Fy := f
−1(y) is nowhere dense in X , we can find
a closed separable subspace S ⊂ X containing Fy as a nowhere dense subset. Let S¯ be any metrizable
compactification of the separable metrizable space S. Then the closure F¯y of Fy in S¯ is a compact nowhere
dense subset of S¯.
By our assumption, the space Y has a neighborhood ωω-base {Uα}α∈ωω at y. For every α ∈ ωω consider
the neighborhood Vα = f
−1[Uα] of Fy . It follows that Kα := F y ∩ S \ Vα is a compact subset of F¯y \ Fy.
Moreover, Kα ⊂ Kβ for all α ≤ β in ωω. It remains to check that the family (Kα)α∈ωω is cofinal in the pospace
K(F¯y \ Fy). Given any compact set K ⊂ F¯y \ Fy = F¯y \ S, we should find α ∈ ω
ω such that K ⊂ Kα.
Using the nowhere density of the set Fy in S, find a closed discrete subset D ⊂ S such that D ∩ Fy = ∅
and K ⊂ D¯ = K ∪ D. Since the map f is closed, the image f [D] is closed in Y and U = Y \ f [D] is an
open neighborhood of y. Choose α ∈ ωω such that Uα ⊂ U . It follows from Uα ∩ f [D] = ∅ that Vα ∩ D ⊂
f−1[Uα ∩D] = ∅. Then D ⊂ S \ Vα and K ⊂ F¯y ∩ D¯ ⊂ F y ∩ S \ Vα = Kα.
The monotone cofinal family (Kα)α∈ωω witnesses that ω
ω < K(F¯y \ Fy). By Christensen’s Theorem 2.2.3,
the space F¯y\Fy is Polish and hence is a Gδ-set in the compact space F¯y. Then its complement Fy is σ-compact.
6. If the metrizable space X is σ′-compact, then by Theorem 7.8.10, the space Y is universally ωω-based
being a closed (and hence R-quotient) image of the metrizable σ′-compact space X . The irreducibility of the
map f ensures that f [X ′] = Y ′ and hence Y ′ is σ-compact (being a continuous image of the σ-compact space
X ′).
Now assume that the space Y is universally ωω-based. Then Y has a neighborhood ωω-base at each point
y ∈ Y , and by the preceding statement the preimage f−1(y) is σ-compact. Since the Lasˇnev space Y is
Fre´chet-Urysohn, the set Y ′ of non-isolated points of Y coincides with the set Y ′s of accumulation points of
countable subsets of Y . By Theorem 7.2.1, the set Y ′ = Y ′s is cosmic and σ-compact. By Lemma 1.1.5, the
space Y is paracompact.
The irreducibility of f implies that f−1[Y ′] = X ′. We claim that the set X ′ of non-isolated points in X is
separable. This will follow as soon as we check that each closed discrete subset D ⊂ X ′ is at most countable.
Taking into account that the map f is closed, we conclude that the image f [D] is a closed discrete subset of
Y ′. Since Y ′ is cosmic, the set f [D] is countable. For every y ∈ f [D] the set D ∩ f−1(y) is at most countable
(being a closed discrete subspace of the σ-compact set f−1(y)). Then the set D =
⋃
y∈f [D]D ∩ f
−1(y) is at
most countable and the set X ′ is separable.
Choose a closed separable subspace S ⊂ X that contain the separable set X ′ = f−1[Y ′] so that for
every y ∈ Y ′ the nowhere dense subset f−1(y) of X remains nowhere dense in the space S. Fix any metrizable
compactification S¯ of the separable metrizable space S. Let {Uα}α∈ωω be an ωω-base of the universal uniformity
UY of the space Y . For every α ∈ ωω and every y ∈ Y ′ let Vα,y := f−1
[
Uα[y]
]
and let Kα,y be the closure
of the set S \ Vα,y in S¯. Then V˜α,y = S¯ \ Kα,y is an open neighborhood of f−1(y) in S¯. It follows that
Kα =
⋂
y∈Y ′ Kα,y = S¯ \
⋃
y∈Y ′ V˜α,y is a closed subset of S¯, disjoint with X
′. So, Kα belongs to the poset
K(S¯ \X ′) of compact subsets of S¯ \X ′.
For every functions α ≤ β in ωω and every y ∈ Y ′ the inclusion Uβ ⊂ Uα implies Uβ [y] ⊂ Uα[y], Vβ,y ⊂ Vα,y,
and Kα,y = S \ Vα,y ⊂ S \ Vβ,y = Kβ,y. Then Kα =
⋂
y∈Y ′ Kα,y ⊂
⋂
y∈Y ′ Kβ,y = Kβ. This means that the
family (Kα)α∈ωω is monotone. We claim that this family is cofinal in K(S¯ \X ′).
Given any compact set K ⊂ S¯ \X ′, we should find α ∈ ωω such that K ⊂ Kα. In the proof of the fifth
statement it was shown that for every point y ∈ Y ′ there is αy ∈ ωω such that K ⊂ Kαy,y.
Using the paracompactness of the space Y , find an open cover V of Y that star-refines the cover U ′ =
{Uαy [y] : y ∈ Y
′} ∪ {{y} : y ∈ Y \ Y ′} of Y . This means that for every V ∈ V there is a set U ′ ∈ U ′ containing
the V-star St(V ;V) = {V ′ ∈ V : V ∩ V ′ 6= ∅} of V . By the paracompactness of Y the entourage
⋃
V ∈V V × V
belongs to the universal uniformity UY of Y . Since (Uα)α∈ωω is a base of the uniformity UY , there exists
α ∈ ωω such that Uα ⊂
⋃
V ∈V V × V .
We claim that K ⊂ Kα =
⋂
y∈Y ′ Kα,y. It suffices to check that K ⊂ Kα,y for every point y ∈ Y
′.
Given any y ∈ Y ′, find Vy ∈ V containing y and observe that Uα[y] ⊂ St(Vy ;V). Indeed, given any point
z ∈ Uα[y] and taking into account that (y, z) ∈ Uα ⊂
⋃
V ∈V V × V , we can find a set V ∈ V such that
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(y, z) ∈ V × V . It follows from z ∈ V ∩ Vy that z ∈ V ⊂ St(Vy ;V). Since the cover {St(V ;V) : V ∈ V}
refines the cover U ′ of Y , there is set U ′ ∈ U ′ such that Uα[y] ⊂ St(Vy ;V) ⊂ U ′. The set U ′ ∈ U ′ intersects
Y ′ and hence is equal to Uαz [z] for some z ∈ Y
′. Observe that Uα[y] ⊂ Uαz [z] implies Vα,z ⊂ Vαy,y, and
K ⊂ Kαy,y = C \ Vαy ,y ⊂ X \ Vα,z = Kα,z.
Therefore (Kα)α∈ωω is a monotone cofinal family in K(S¯ \ X ′) witnessing that ωω < K(S¯ \ X ′). By
Christensen Theorem 2.2.3, the space S¯ \X ′ is Polish and hence is a Gδ-set in S¯. Then its complement X
′ is
σ-compact. 
We shall apply Theorem 8.2.1 to quotient spaces X/A.
Corollary 8.2.3. Let X be a metrizable space and A be a closed nowhere dense subspace of X. The
quotient space X/A
(1) is first countable if and only if the set A is compact;
(2) has inductive topology with respect to a countable cover of X/A by closed (metrizable) first-countable
subsets if and only if A is locally compact and σ-compact;
(3) has an ωω-base if and only if A is σ-compact;
(4) is universally ωω-based if and only if the space X is σ′-compact only if X/A is σ′-compact.
Proof. This corollary follows from Theorem 8.2.1 and the observation that the quotient map q : X → X/A
is closed and irreducible. 
Example 8.2.4. Take any separable metrizable space X containing a closed nowhere dense subset A ⊂ X
such that the complement X \ A is discrete and A is not σ-compact. By Corollary 8.2.3, the countable space
X/A does not have an ωω-base. Yet, X/A is a Lasˇnev P0-space. In particular, X/A is Fre´chet-Urysohn and
stratifiable.
Problem 8.2.5. Characterize Lasˇnev spaces that possess a (locally) uniform ωω-base.
8.3. Detecting universally ωω-based Lasˇnev spaces
In this section we detect Lasˇnev spaces whose universal uniformity has an ωω-base. We remind that such
spaces are called universally ωω-based.
Theorem 8.3.1. For a Tychonoff space X the following conditions are equivalent:
(1) X is universally ωω-based and Lasˇnev.
(2) X is the image of a metrizable σ′-compact space under a closed continuous map.
(3) X is the image of a metrizable σ′-compact space under an R-quotient map, X is Fre´chet-Urysohn and
X ′ is a Gδ-set in X.
(4) X is an universally ωω-based Fre´chet-Urysohn σ-space.
(5) X is an universally ωω-based σ′-compact paracompact Lasˇnev P-space.
Proof. We shall prove the implications (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (5) ⇒ (1). The implication (1) ⇒ (2)
follows from Theorem 8.2.1(6) and Lemma 5.4 of [50].
(2) ⇒ (3). Assume that X is the image of a σ′-metrizable space M under a closed continuous map
f : M → X . By Lemma 5.4 of [50], we can assume that the map f is irreducible. In this case M ′ = f−1[X ′].
By [37, 2.4.G], the space X is Fre´chet-Urysohn. The closed map f is quotient and hence R-quotient. To
see that the set X ′ is of type Gδ in X , fix a decreasing sequence (Un)n∈ω of open sets in M such that
f−1[X ′] =M ′ =
⋂
n∈ω Un. For every n ∈ ω the complement M \Un is closed in M and its image f [M \Un] is
closed in X . Then the complement Vn = X \f [M \Un] is an open neighborhood of X ′ such that f−1[Vn] ⊂ Un.
It follows that f−1[X ′] =M ′ =
⋂
n∈ω f
−1[Vn] ⊂
⋂
n∈ω Un = f
−1[X ′], so X ′ =
⋂
n∈ω Vn is a Gδ-set in X .
(3) ⇒ (4) Assume that the space X is Fre´chet-Urysohn, X ′ is a Gδ-set in X , and X is the image of a
metrizable σ′-compact space M under an R-quotient map f : M → X . By Theorem 7.8.10, the space X is
universally ωω-based.
We claim that X ′ ⊂ f [M ′]. Given any point x ∈ X \ f [M ′], observe that the preimage f−1(x) does not
intersect the set M ′ and hence is closed-and-open in M . Let χ : X → {0, 1} be the characteristic function
of the singleton {x} = χ−1(1). Observe that the composition g = χ ◦ f : M → {0, 1} is continuous (as
g−1(1) = f−1(x) is closed-and-open in M). Since the map f is R-quotient, the characteristic function χ of
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{x} is continuous, which means that x is an isolated point of X . This completes the proof of the inclusion
X ′ ⊂ f [M ′]. Since the space M ′ is cosmic and σ-compact, so is its image f [M ′] and the closed subset X ′ of
f [M ′]. Let C be a countable network for the cosmic space X ′. The Gδ-property of X ′ in X implies that the
family of singletons F =
{
{x} : x ∈ X \X ′
}
is σ-discrete in X . Then the union C ∪ F is a σ-discrete network
for the space X , which means that X is a σ-space.
(4)⇒ (5) Assume that X is a universally ωω-based Fre´chet-Urysohn σ-space. Since X is Fre´chet-Urysohn,
X ′ = X ′s. By Theorem 7.2.1, the set X ′ = X ′s is cosmic. By Lemma 1.1.5, the space X is paracompact and
hence ω-Urysohn. By Theorem 7.2.1, the set X ′ is σ-compact. By Theorem 6.6.7(3), the paracompact Σ-space
X is an ℵ-space. By [10, 7.1, 7.5], the Fre´chet-Urysohn ℵ-space X is Lasˇnev.
The implication (5)⇒ (1) is trivial. 
8.4. On universally ωω-based σ-compact spaces
The following theorem gives a partial answer to Problem 7.8.11.
Theorem 8.4.1. For a Tychonoff space X we have the implications (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (5) ⇒ (6)
of the following conditions:
(1) X is metrizable and σ-compact;
(2) X is a closed image of a σ-compact metrizable space;
(3) X is a quotient image of a σ-compact metrizable space;
(4) X is an R-quotient image of a σ-compact metrizable space;
(5) X is universally ωω-based and σ-compact;
(6) X has an ωω-base.
If X is a q-space or has countable ofan tightness, then (5)⇒ (1).
If the space X is Fre´chet-Urysohn, then (5)⇒ (2).
If the space X is kσ-baseportating, then (5)⇔ (6).
Proof. The implications (1) ⇒ (2) ⇒ (3) ⇒ (4), (5) ⇒ (6) are trivial and (4) ⇒ (5) follows from
Theorem 7.8.10.
Assuming that X is a q-space or has countable ofan tightness, we shall prove that (5) ⇒ (1). If X is
universally ωω-based and σ-compact, then by Theorem 6.6.1, X is first-countable and by Theorem 6.6.6, the
space X is cosmic and hence closed-G¯δ. By Theorem 6.6.2, the space X is metrizable.
Now for Fre´chet-Urysohn spaces, we shall prove the implication (5) ⇒ (2). If the space X is universally
ωω-based and σ-compact, then X is a Lindelo¨f Σ-space and by Theorem 6.6.6, X is an ℵ0-space. By [10,
7.1, 7.5], the Fre´chet-Urysohn ℵ0-space X is Lasˇnev. So, X is the image of a metrizable space M under a
closed continuous map f : M → X . By Lemma 5.4 [50], we can assume that the map f is irreducible. The
separability of X and the irreducibility of the map f imply that the metrizable space M is separable. By
Theorem 8.2.1(6), the space M is σ′-compact and being separable, is σ-compact. Thus X is a closed image of
the metrizable σ-compact space M .
For kσ-beseportating spaces the equivalence (5)⇔ (6) was proved in Theorem 7.8.3. 
8.5. Characterizing metrizable σ′-compact spaces
Metrizable σ′-compact space can be characterized as follows.
Theorem 8.5.1. For a Tychonoff space X the following conditions are equivalent:
(1) X is metrizable and σ′-compact.
(2) X is universally ωω-based, first-countable and perfectly normal.
(3) X is a universally ωω-based ofan s-tight closed-G¯δ space;
(4) X is a universally ωω-based closed-G¯δ q-space.
Proof. The implication (1) ⇒ (2) follows from Theorem 7.8.6 and (2) ⇒ (3, 4) is trivial. To prove the
implications (3)⇒ (1) and (4)⇒ (1), assume that the space X is universally ωω-based, closed-G¯δ, and is a q-
space or ofan s-tight. By Theorem 6.6.1, the space X is first-countable and by Theorem 6.6.2, X is metrizable.
By Theorem 7.8.7, the metrizable space X is σ′-compact. 
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8.6. ωω-Bases in scattered topological spaces
In this section we study scattered spaces with an ωω-base. We recall that a topological space X is scattered
if each non-empty subspace of X has an isolated point. The complexity of a scattered space can be measured
by the scattered height, defined as follows.
For a subspace A of a topological space X by A′ we denote the (closed) set of non-isolated points of A.
Let X(0) = X and for every ordinal α define the derived set X(α) by the recursive formula
X(α) =
⋂
β<α
(X(β))′.
Observe that a topological space X is scattered if and only if X(α) = ∅ for some ordinal α. In this case for
every point x ∈ X there exists a unique ordinal ~(x) such that x ∈ X~(x) \X~(x)+1. The ordinal
~(X) = sup
x∈X
~(x)
is called the scattered height of the scattered space X .
Theorem 8.6.1. Let X be a scattered Σ-space. Assume that X has countable extent and finite scattered
height. If X has countable cs∗-network at each point, then X is countable.
Proof. By induction we shall prove that each closed subspace Z ⊂ X of finite scattered height ~(Z) is
countable Observe that Z is a Σ-space that has a countable cs∗-network at each point.
If ~(Z) = 0, then the space Z is discrete. Since X has countable extent, the closed discrete subspace Z
of X is countable. Now assume that for some n ∈ N we have proved that any closed subspace Z ⊂ X of
countable extent and scattered height ~(Z) < n is countable. We claim that each closed subspace Z ⊂ X of
countable extent and scattered height ~(Z) = n is countable. Consider the closed subset Z ′ ⊂ Z consisting of
non-isolated points of Z and observe that ~(Z ′) = ~(Z)− 1 < n. By the induction hypothesis, the space Z ′ is
countable.
By our assumption, at each point z ∈ Z ′ the space Z has a countable cs∗-network Nz . Consider the
countable family of entourages E =
{
(N × N) ∪∆Z : N ∈
⋃
z∈Z′ Nz
}
. By Proposition 3.5.7, the Σ-space Z,
being regular, admits a locally uniform base B. By Proposition 5.1.2, the pair (E ,B±2) is a locally uniform
cs∗-netbase for the space Z. By Theorem 5.4.1, the Σ-space Z is a σ-space. Since Z has countable extent, the σ-
space Z is cosmic. Then the set Z\Z ′ of isolated points of Z is countable and so is the space Z = Z ′∪(Z\Z ′). 
Corollary 8.6.2. If a scattered compact Hausdorff space X of finite scattered height has countable cs∗-
network at each point, then X is countable and metrizable.
Problem 8.6.3. Assume that a scattered compact Hausdorff space X of countable scattered height has a
countable cs∗-network at each point. Is X countable?
The following example constructed by Jakovlev [61] and improved by Abraham, Gorelic and Juha´sz [1]
shows that the cs∗-network in Problem cannot be weakened to a cs∗-network.
Example 8.6.4 (Jakovlev-Abraham-Gorelik-Juha´sz). Under b = c there exists a first-countable scattered
locally compact locally countable regular T0-space K of cardinality c whose one-point compactification K
∗ is
sequential and has a cs∗-network at each point. Moreover, the space K∗ has scattered height ~(K∗) = ω and
has sequential order 2.
Theorems 6.4.1 and 8.6.1 imply the following fact.
Theorem 8.6.5. Let X be a scattered Σ-space with countable extent and finite scattered height. If X has
an ωω-base, then X is countable.
Corollary 8.6.6. A scattered compact Hausdorff space X with finite scattered height is metrizable if and
only if X has an ωω-base.
Corollary 8.6.7. The one-point compactification of an uncountable discrete space fails to have an ωω-
base.
A scattered compact space with an ωω-base needs not be metrizable: a suitable example is the segment of
ordinals [0, ω1], which has an ω
ω-base under ω1 = b. Nonetheless, the following questions seem to be open.
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Problem 8.6.8. Let X be a scattered compact Hausdorff space with an ωω-base and countable scattered
height ~(X). Is X metrizable?
Problem 8.6.9. Assume that ω1 < b. Is each scattered compact Hausdorff space with an ω
ω-base metriz-
able?
8.7. ωω-Bases in generalized ordered spaces
In this section we study ωω-bases in generalized ordered spaces. A topological space X is called a GO-space
(abbreviated from generalized ordered space) if X has a base of the topology consisting of order-convex sets
with respect to some closed linear order ≤ on X , see [22]. A subset A of linearly ordered space (X,<) is called
order-convex if for any points x < y in A the order interval [x, y] = {z ∈ X : x ≤ z ≤ y} is contained in A.
Theorem 8.7.1. Let P ∼= P 2 be a poset. A GO-space X has a local P -base at a point x ∈ X if and only
if the cardinals add(Tx(X)) and cof(Tx(X)) are P -dominated.
Proof. The “only if” part follows from Proposition 2.3.2. To prove the “if” part, assume that for some
point x ∈ X the cardinals add(Tx(X)) and cof(Tx(X)) are P -dominated. Let τ be the topology of X and < be
a linear order on X such that the family B = {U ∈ τ : U is order-convex in (X,<)} is a base of the topology
τ . First we define two cardinals cof−(x) and cof+(x) and two maps λ : cof−(x)→ X , ρ : cof+(x)→ X . Four
cases are possible.
1. The point x is isolated in X . In this case put cof−(x) = cof+(x) = 1 and λ : cof−(x) → {x} ⊂ X ,
ρ : cof+(x)→ {x} ⊂ X be the constant maps.
2. The point x is not isolated in X but is right-isolated in the sense that the set (←, x] = {y ∈ X : y ≤ x}
is open in X . In this case let cof+(x) = 1 and cof−(x) be the cofinality of the linearly ordered set (←, x) :=
(←, x] \ {x}. Let ρ : cof+(x) → {x} ⊂ X be the constant map and λ : cof−(x) → (←, x) be any injective
monotone cofinal map.
3. The point x is not isolated in X but is left-isolated in the sense that the set [x,→) = {y ∈ X :
x ≤ y} is open in X . In this case let cof−(x) = 1 and cof+(x) be the coinitiality of the linearly ordered set
(x,→) := [x,→) \ {x}, i.e., the smallest cardinality of a subset B ⊂ (x,→) without lower bound in (x,→). Let
λ : cof−(x) → {x} ⊂ X be the constant map and ρ : cof−(x) → (x,→) be an injective monotone cofinal map
to the linearly ordered set (x,→) endowed with the revered linear order.
4. The point x is neither left-isolated nor right-isolated. In this case let cof−(x) be the cofinality of the
linearly ordered set (←, x) and cof+(x) be the coinitiality of the linearly ordered set (x,→). Let λ : cof−(x)→
(←, x) be an injective monotone cofinal map and ρ : cof−(x) → (x,→) be an injective monotone cofinal map
to the linearly ordered set (x,→) endowed with the revered linear order.
It is easy to see that add(Tx(X)) = min{cof−(x), cof+(x)} and cof(Tx(X)) = max{cof−(x), cof+(x)},
which implies that the cardinals cof−(x) and cof+(x) are P -dominated and hence admit monotone cofinal
maps f− : P → cof−(x) and f+ : P → cof+(x). Then the map
f : P 2 → Tx(X), f : (α, β) 7→ [λ(f−(α)), ρ(f+(β))],
is monotone and cofinal, witnessing that P ∼= P 2 < Tx(X). 
Theorem 8.7.2. For a poset P ∼= P 2, a (compact) GO-space X has an P -base if (and only if) for any
point x ∈ X every non-zero cardinal κ ≤ χ(x;X) is P -dominated.
Proof. The “if” part follows from Theorem 8.7.1 and the inequality add(Tx(X)) ≤ cof(Tx(X)) = χ(x;X)
holding for every point x ∈ X . To prove the “only if” part, assume that the GO-space X is compact and has
a P -base. We should prove that for any x ∈ X , every non-zero cardinal κ ≤ χ(x;X) is P -dominated.
Let λ : cof−(x) → X and ρ : cof+(x) → X be the injective maps defined in the proof of Theorem 8.7.1.
Taking into account that χ(x;X) = cof(Tx(X)) = max{cof−(x), cof+(x)}, we conclude that κ ≤ cof−(x) or
κ ≤ cof+(x).
If κ ≤ cof−(x), then the set λ
[
[0, κ)
]
⊂ X is well-defined and has the least upper bound y ∈ X (by the com-
pactness of the GO-space X). It follows that κ = cof−(y) ∈ {add(Ty(X)), cof(Ty(X))}. By Proposition 2.3.2,
the cardinals add(Ty(X)), cof(Ty(X)) are Ty(X)-dominated and so is the cardinal κ. Since the space X has a
P -base, the poset Ty(X) is P -dominated and so is the cardinal κ.
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If κ ≤ cof+(x), then the set ρ
[
[0, κ)
]
⊂ X is well-defined and has the greatest lower bound z ∈ X
(by the compactness of the GO-space X). It follows that κ = cof+(z) ∈ {add(Tx(X)), cof(Tx(X))}. By
Proposition 2.3.2, the cardinals add(Tx(X)), cof(Tx(X)) are P -dominated and so is the cardinal κ. 
Applying Theorems 8.7.1, 8.7.2 to the poset P = ωω, we obtain two corollaries.
Corollary 8.7.3. A GO-space X has a local ωω-base at a point x ∈ X if and only if the cardinals
add(Tx(X)) and cof(Tx(X)) are ωω-dominated.
Corollary 8.7.4. A (compact) GO-space X has an ωω-base if (and only if) for any point x ∈ X any
non-zero cardinal κ ≤ χ(x;X) is ωω-dominated.
In its turn, Corollary 8.7.4 implies two (opposite) consistent characterizations of GO-spaces with an ωω-
base.
Theorem 8.7.5. Assume that ω1 < b. A compact GO-space X has an ω
ω-base if and only if X is first-
countable.
Proof. The “if” part is trivial. To prove the “only if” part, assume that X has an ωω-base. If X is not
first-countable, then some point x ∈ X has character χ(x;X) ≥ ω1. By Corollary 8.7.4, the cardinal ω1 is
ωω-dominated, which contradicts Lemma 2.3.3. 
Theorem 8.7.6. Assume that b = ω1 and d ≤ ω2. A GO-space X has an ωω-base if and only if χ(X) ≤ d.
Proof. If X has an ωω-base, then χ(X) ≤ d by Lemma 2.3.3.
If χ(X) ≤ d, then each cardinal κ ≤ χ(X) belongs to the set ω ∪ {b, d} and hence is ωω-dominated by
Corollary 2.4.4. By Corollary 8.7.4, the GO-space X has an ωω-base. 
We do not know if Theorem 8.7.5 generalizes to all compact Hausdorff spaces.
Problem 8.7.7. Assume that ω1 < b. Is each compact Hausdorff space with an ω
ω-base first-countable?
8.8. The cardinality of topological spaces with an ωω-base
In this section we shall apply the results of Section 5.8 to establish some upper bounds on the cardinality
of Hausdorff spaces with an ωω-base.
First observe that Lemma 2.3.3 and Theorem 6.4.2 imply the following bounds on the characters of a
topological space with an ωω-base.
Proposition 8.8.1. Every topological space X with an ωω-base has character
χ(X) = sup
x∈X
cof(Tx(X)) ∈ {1, ω} ∪ [b, d]
and s∗-character χs∗(X) ≤ ω.
By [21] (see also [56]), each Hausdorff space X has cardinality
|X | ≤ 2χ(X)aLc(X) ≤ 2χ(X)L(X).
Moreover, if X is Urysohn, then
|X | ≤ 2χ(X)wLc(X) ≤ 2χ(X)c(X) and |X | ≤ 2χ(X)aL(X),
see [2], [21], [56]. Combining these inequalities with Proposition 8.8.1, we get the following upper bounds on
the cardinality of a Hausdorff (Urysohn) space.
Corollary 8.8.2. Let X be a topological space with an ωω-base.
(1) If X is Hausdorff, then |X | ≤ 2d · 2aLc(X) ≤ 2d · 2L(X).
(2) If X is Urysohn, then |X | ≤ 2d ·min{2wLc(X), 2aL(X)} ≤ 2d · 2c(X).
Corollary 8.8.3. Assume that 2d = 2ω. Let X be a topological space with an ωω-base.
(1) If X is Hausdorff, then |X | ≤ 2aLc(X) ≤ 2L(X).
(2) If X is Urysohn, then |X | ≤ min{2wLc(X), 2aL(X)} ≤ 2c(X).
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Now we prove that for a countably tight (regular) Hausdorff space X with an ωω-base the upper bound
|X | ≤ 2aLc(X) (and |X | ≤ min{2wLc(X), 2aL(X)}) holds in ZFC.
Theorem 8.8.4. If a Hausdorff space X is countably tight and has an ωω-base, then |X | ≤ d(X)ω and
|X | ≤ 2aLc(X) ≤ 2L(X). If X is regular, then |X | ≤ 2wLc(X) ≤ 2c(X).
Proof. The inequalities trivially hold if X is finite. So, we assume that X is infinite. In this case
min{aLc(X), wLc(X)} ≥ ω. By Proposition 8.8.1, the space X has countable s∗-character χs∗(X and being
countably tight has countable p∗-character χp∗(X) = χs∗(X) ≤ ω. By Corollary 5.8.4,
|X | ≤ d(X)t(X) · 2χp∗(X) ≤ d(X)ω · 2ω = d(X)ω .
By Theorem 5.8.5,
|X | ≤ 2χp∗(X)·aL(X) ≤ 2ω·aLc(X) = 2aLc(X) ≤ 2L(X).
If the space X is regular, then Theorem 5.8.5 yields the upper bound
|X | ≤ 2χp∗(X)·wLc(X) ≤ 2ω·wLc(X) = 2wLc(X) ≤ 2c(X).

The countable tightness of essential in Theorem 8.8.4 as shown by the following example suggested by Paul
Szeptycki.
Example 8.8.5 (Szeptycki). The space X = 2ω1 endowed with the topology generated by the lexicographic
order is compact, has an ωω-base (and hence a countable s∗-netbase) under ω1 = b and cardinality |X | > c =
2L(X) under 2ω1 > c (which follows from ω1 = c).
Proof. It is clear that |X | = 2ω1 and L(X) = ω. By Corollary 2.4.4, the cardinal b is ωω-dominated,
which implies that under ω1 = b, each cardinal κ ≤ χ(X) = b = ω1 is ωω-dominated. By Theorem 8.7.2, the
GO-space X has an ωω-base. 
Remark 8.8.6. By Corollary 8.8.3, under 2d = c each compact Hausdorff space X with an ωω-base has
cardinality |X | ≤ c.
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